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EXPLICIT CONSTRUCTION OF
A CHERN-MOSER CONNECTION
FOR CR MANIFOLDS OF CODIMENSION TWO
Gerd Schmalz and Andrea Spiro
Abstract. In the present paper we suggest an explicit construction of a Cartan
connection for an elliptic or hyperbolic CR manifold M of dimension six and codi-
mension two, i.e. a pair (P, ω), consisting of a principal bundle pi : P → M over
M and of a Cartan connection form ω over P , satisfying the following property: the
(local) CR transformations f : M → M are in one to one correspondence with the
(local) automorphisms fˆ : P → P for which fˆ∗ω = ω. For any x ∈ M , this construc-
tion determines an explicit monomorphism of the stability subalgebra Lie(Aut(M)x)
into the Lie algebra h= Lie(H) of the structure group H of P .
1. Introduction.
A CR structure on a smooth manifoldM is a pair (D, J) whereD is a distribution
in TM and J is a smooth family of complex structures Jx : Dx → Dx on the spaces
Dx ⊂ TxM . Such geometric structure occurs naturally in studying the geometry of
embedded submanifolds of Cn. In fact, typical examples of CR structures are given
by the pairs (D, J) on a (sufficiently regular) real submanifold M ⊂ Cn, where D
is the distribution of tangent subspaces Dx = { v ∈ TxM :
√−1v ∈ TxM } and J
is the family of complex structures Jx : Dx → Dx defined by Jx(v) =
√−1v.
Any CR structure is naturally associated with the pair of distributions D10,D01
in the complexified tangent space TCM , determined by the subspaces D10x , D01x ⊂
DC ⊂ TCxM defined by
D10x = { v ∈ DCx : Jv =
√−1v } , D01x = { v ∈ DCx : Jv = −
√−1v } .
A CR structure (D, J) is called integrable if the corresponding distribution D10 is
involutive, i.e. if for any two complex vector fields X,Y with values in D10 the Lie
bracket [X,Y ] is still a complex vector field with values in D10. The codimension
of a CR structure (D, J) is the codimension of the distribution D in TM .
A CR structure (D, J) of codimension one is called Levi non-degenerate if the
distribution D is a contact distribution, i.e. if for any 1-form θ with Ker θx =
Dx, x ∈ M , one has that θ ∧ (dθ)n 6= 0. A CR structure (D, J) of arbitrary
codimension is called Levi non-degenerate if D satisfies a certain set of conditions,
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which generalizes the condition of Levi non-degeneracy of the CR structures of
codimension one. For the exact definition of Levi non-degeneracy in arbitrary
codimension, see Definition 2.3 below.
From now on, any CR structure will be assumed to be integrable and Levi non-
degenerate.
Now, for a given CR manifold M of codimension k, we call osculating quadric at
a point x ∈M the homogeneous real submanifold of C dimM+k2
Qx = { (z,w1, . . . , wk) ∈ C
dimM+k
2 : Im(wi) = H
(x)
i(z, z¯) , 1 ≤ i ≤ k } ,
where the H
(x)
i’s are the components of the Levi form of the CR structure, evaluated
at the point x (for the definition of Levi form of a CR structure, see §2 below).
Geometrically speaking, the osculating quadric at a point x can be characterized
as the homogeneous CR manifold, whose CR structure “osculates up to the second
order” the CR structure of M at the point x. We say that a CR manifold M is of
strongly uniform type if all osculating quadrics Qx, x ∈M , are equivalent.
For CR structures of codimension one strong uniformity is an automatic conse-
quence of non-degeneracy, due to the classification of quadrics by their signature.
In higher codimensions there are only a few cases where non-degenerate quadrics
admit a discrete classification. Among them most interesting are certainly those
with large automorphism groups. According to [10], this happens only in two sit-
uations: either when the real dimension of Q is 6 and the codimension is 2, or
when the real dimension of Q is 2n+ n2 and the codimension is n2, where n is the
complex dimension of D.
In this paper we discuss the geometry of strongly uniform CR manifolds of
dimension six and codimension two.
Strongly uniform CR manifolds of dimension six and codimension two have been
intensively studied (see e.g. [14], [8], [9], [10], [7], [11], [12], [16], [18], [19], [6]).
In particular, it is known that for such a kind of CR manifolds, there are only
three possibilities for the osculating quadric. Using this fact, these manifolds are
subdivided into three disjoint classes, namely the elliptic, parabolic and hyperbolic
manifolds. Furthermore, in a previous paper J. Slova´k and the first author obtained
the following theorem, which is consequence of the results in [20] and [5].
Theorem 1.1. [18] Let M be an elliptic or hyperbolic manifold and Q the oscu-
lating quadric at one of its points. Denote also by GQ the automorphisms group
GQ = Aut(Q), by HQ the stability subgroup HQ = Aut(Q)0 at 0 ∈ Q, and by gQ
the Lie algebra gQ = Lie(GQ). Then:
i) there exists a principal bundle π : P (M)→M with structure group HQ and
a natural injective homomorphism
ı : Autloc(M)→ Autloc(P (M))
(called lifting map) from the pseudogroup Autloc(M) of local CR transfor-
mations of M into the pseudogroup Autloc(P (M)) of local automorphisms
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of bundle P (M), which makes the following diagram commuting
P (M)
ı(f)−−−−→ P (M)
π
y yπ
M
f−−−−→ M
ii) there exists a Cartan connection ωM : TP (M)→ gQ such that a diffeomor-
phism f˜ : P (M)→ P (M) is equal to f˜ = ı(f) for some f ∈ Aut(M) if and
only if f˜∗ωM = ωM .
Notice that, by Theorem 2.7 in [20], if (P ′(M), ω′M) is a pair consisting of a prin-
cipal bundle P ′(M), which satisfies (i), and of a Cartan connection ω′M , which sat-
isfies (ii) plus a certain set of linear conditions on the curvature, then (P ′(M), ω′M)
is isomorphic with the pair (P (M), ωM) of Theorem 1.1 (i.e. there exists a principal
bundle isomorphism f : P ′(M)→ P (M) such that f∗ωM = ω′M ).
From the existence of the invariant Cartan connection ωM , it follows that the
action of the stability subgroup Aut(M)x, x ∈ M , on the fiber Px = π−1(x) ⊂
P (M), commutes with the simply transitive action of HQ on Px. From this it may
be inferred that, given a point u ∈ Px, the map
X ∈ Lie(Aut(M))x 7→ Vu,X ∈ Lie(HQ) ,
where Vu,X ∈ Lie(HQ) is the element, whose fundamental vector field V ∗u,X satisfies
V ∗u,X |u = ı∗(X)|u, is a Lie algebra injective homomorphism from Lie(Aut(M)x) into
Lie(HQ). By this remark, the explicit knowledge of the bundle P (M) and of the
lifting map ı gives an effective tool for reducing several questions on elliptic or
hyperbolic manifolds to questions concerning some special subalgebras of Lie(HQ).
It is a disadvantage of the iterative construction, on which the result in [18] is
based, that it does not provide an explicit expression of the bundle P (M) and of the
Cartan connection (for more details, see also [5], [18] or the review in [1]). On the
other hand, the explicit construction of bundle and absolute parallelism in [7] does
not give, in general, a Cartan connection and hence, it does not give an explicit
expression for the homomorphism between Lie(Aut(M)x) and Lie(HQ).
In this paper we give an explicit and (in our opinion) simple construction of
a Cartan connection (PCM(M), ψCM ), which satisfies all the claims of Theorem
1.1. However, a direct check shows that, generically, the curvature of ψCM does
not satisfy the linear equations required by Theorem 2.7 in [20]. This means that,
generically, the new pair (PCM(M), ψCM ) is not isomorphic with the pair (PM , ωM ).
However, we expect that our bundle PCM(M) admits also another Cartan connec-
tion, which does satisfy the conditions of the quoted theorem. If this conjecture
is correct, this would imply that the bundle PCM(M) is equivalent to the bundle
P (M).
The bundle PCM(M) is the exact analogue of the principal bundle associated
with a Levi non-degenerate CR manifold of codimension one, introduced by S.S.
Chern and J. Moser in [4]. The construction can be roughly described as follows.
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First of all, we consider a principal bundle π1 : E(M) → M , with 2-dimensional
fibers, formed by all pairs of 1-forms (θ1, θ2) ∈ T ∗xM × T ∗xM , x ∈ M , such that
Dx = Ker θ1 ∩ Ker θ2 and so that some additional condition, which are specified
below, on the corresponding Levi form are satisfied. Secondly, we consider a special
class of linear frames u = (e1, . . . , e8) at the tangent spaces of E(M), which we call
adapted to the CR structure. The bundle π2 : PCM(M)→ E(M) of adapted frames
is proved to have a natural structure of an HQ-principal bundle π = π1 ◦ π2 :
PCM(M)→M overM and it satisfies claim (i) of Theorem 1.1. In particular, since
any CR diffeomorphism f : M → M lifts naturally to a map fˆ : E(M) → E(M)
and each map fˆ lifts naturally to a diffeomorphism
ˆˆ
f : L(E(M)) → L(E(M)) of
the linear frame bundle L(E(M)), the lifting map ı : Aut(M)→ Aut(PCM(M)) of
Theorem 1.1 (i) is simply the map ı : f 7→ ˆˆf .
Even the construction of the Cartan connection ψCM is modelled on the argu-
ments used in [4]. In fact, starting from a set of 1-forms {ωi, ψj}, which represents
an arbitrary gQ-valued Cartan connection on PCM(M), we show how to deter-
mine a set of real functions Sji on P (M) so that the new collection of 1-forms
{ωi, ψj −∑i Sji ωi} represents a Cartan connection ψCM , which verifies Theorem
1.1 (ii).
We have to recall that, in case M is real analytic and it is presented as a real
submanifold of C4, another explicit embedding of Lie(Aut(M)x) into Lie(HQ) can
be obtained by studying the normal form of the defining equations for M (see [14],
[9], [12]). On the other hand, the approach given here is valid for any smooth
manifold M and it is based only on the intrinsic CR geometry of M .
Before concluding, we would like to point out that the construction of the Chern-
Moser bundle can be done also in caseM is a parabolic manifold. But, in this case,
the bundle does not have a natural structure of a principal bundle over M . This is
certainly consistent with the results of [20] and [5], which imply neither existence
nor non-existence of a canonical Cartan connection on parabolic manifolds. At the
best of our knowledge, it is not known if there is any obstruction to the existence
of a canonical Cartan connection on parabolic manifolds.
The plan of the paper is the following. In §2, we discuss a few general facts
on CR structures and we give the definition of strongly uniform CR manifolds of
dimension six and codimension two. We also give a new proof of the fact that
these manifolds are subdivided in exactly three classes. The approach we use is
strictly related (even if independent) with the discussion of hyperbolic and elliptic
distributions of codimension 2 by A. Cˇap and M. Eastwood in [3].
In §3 and §4, we construct the bundle PCM(M) of an arbitrary elliptic or hy-
perbolic manifold M . We call it Chern-Moser bundle of M . In §5 we prove that
PCM(M) admits a natural structure of principal bundle overM and we show that its
structure group is GQ. In §6, we construct the Cartan connection ψCM on PCM(M)
and we illustrate why the pair (PCM(M), ψCM ) is generically not isomorphic with
the pair (P (M), ωM) of Theorem 1.1.
For any real vector space V , we denote by GL(V,R) the group of linear iso-
morphisms of V into itself. If there is a complex structure J on V , we denote by
GL(V,C) ⊂ GL(V,R) the subgroup of isomorphisms commuting with J .
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2. First definitions and preliminaries.
2.1 Distribution of contact type and Levi non-degenerate CR structures of codi-
mension k.
Let M be a manifold of dimension n and let D ⊂ TM be a distribution of
codimension k onM . For any point x ∈M , we call conormal frame at x any k-tuple
θ = (θ1, . . . , θk) of linearly independent 1-forms θi ∈ T ∗xM such that
⋂k
i=1Ker θ
i =
Dx. It is clear that any conormal frame is a basis for the subspace of 1-forms
vanishing on Dx. We call conormal frame bundle of D the bundle π : E(M,D)→M
of all conormal frames at the points of M (here, π is the natural projection map
which sends any conormal frame θ ∈ T ∗xM × · · · × T ∗xM to the point x). Notice
that the right action of GLk(R) on E(M,D) defined by
µ : GLk(R)×E(M,D)→ E(M,D) , µ(A, (θ1, . . . , θk)) def= ((A−1)1jθj , . . . , (A−1)kj θj)
acts transitively on the fibers of π : E(M,D)→M and makes E(M,D) a principal
bundle over M .
With any conormal frame θ = (θ1, . . . , θk) ∈ E(M,D)x, x ∈M , we may associate
a k-tuple of 2-forms in Λ2Dx as follows: consider a smooth section θ˜ : U ⊂ M →
E(M,D) defined on a neighborhood U of x, such that θ˜x = θ; then let us define
d˜θ = (d˜θ
1
, . . . , d˜θ
k
) ∈ Λ2Dx × · · · × Λ2Dx ,
d˜θ
i
(X,Y )
def
= d(θ˜i)x(X,Y ) , for any X,Y ∈ Dx .
It can be checked that the 2-forms d˜θ
i ∈ Λ2Dx are independent of the choice of the
extension θ˜ and that they depend uniquely on θ = θ˜x. We will call d˜θ the R
k-valued
2-form associated with θ.
Definition 2.1. A codimension k distribution D ⊂ TM is called of contact type if
for any point x ∈M and for any conormal frames θ = (θ1, θ2, . . . , θk) ∈ E(M,D)
a) Im(d˜θ) = Span{ v ∈ Rk : v = d˜θ(X,Y ) for some X,Y ∈ Dx } = Rk;
b) Ann(d˜θ) = { X ∈ Dx : d˜θ(X, ∗) = 0 } = {0}.
A CR structure of codimension k on a manifold M is a pair (D, J), where D is
a distribution of codimension k and J is a smooth family of complex structures
Jx : Dx → Dx
which satisfy the integrability conditions:
J([JX, Y ] + [X,JY ]) ∈ D , (2.11)
[JX, JY ]− [X,Y ]− J([JX, Y ] + [X,JY ]) = 0 . (2.12)
We recall that the integrability conditions (2.1) are satisfied if and only if the
eigendistributions D10 ⊂ TCM and D01 ⊂ TCM of J , given by the J -eigenspaces
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in DC corresponding with the eigenvalues i and −i, are involutive, i.e. the space of
their sections is closed under Lie brackets.
If (D, J) is a CR structure of codimension k and θ = (θ1, . . . , θk) is a conormal
frame at a point x ∈ M , we call Levi form of (D, J) associated with θ the k-tuple
of bilinear forms on Dx defined by
Lθ = (Lθ
1
, . . . , Lθ
k
) , Lθ
i
(X,Y )
def
= d˜θi(X,JY ) , for any X,Y ∈ Dx . (2.2)
Using the integrability conditions (2.1), one can check that for any i and for any
X,Y ∈ Dx
Lθ
i
(JX, JY ) = Lθ
i
(X,Y ) , Lθ
i
(X,Y ) = Lθ
i
(Y,X) , (2.3)
and hence Lθ is an Rk-valued, J -invariant, symmetric, bilinear form on Dx.
We also call complex Levi form at x the Ck-valued hermitian form defined by
L
θ(Z,W )
def
=
1
2i
dθ˜x(Z,W ) , (2.4)
for any Z,W ∈ DCx . It is quite simple to check that Lθ coincides (up to some
isomorphism between Ck and TCx /D
C
x ) with the complex Levi form at x as classically
defined (see e.g. [2]) and that the Levi form Lθ is (up to a factor) the real part of
the complex Levi form.
Definition 2.2. A CR structure (D, J) of codimension k is called Levi non-dege-
nerate if the underlying distribution D is of contact type.
Notice that from definitions and (2.4), a CR structure is Levi non-degenerate if
and only if any Ck-valued Levi form Lθ satisfies
Im(Lθx) = Span{ v ∈ Ck : v = Lθx(Z,W ) for some Z,W ∈ DCx } = Ck , (2.5)
Ann(Lθx) ∩ D10x = { Z ∈ DCx : Lθx(Z, ∗) = 0 } ∩ D10x = {0} . (2.6)
In particular, it is clear that Definition 2.2 is simply a reformulation of the usual
Levi non-degeneracy condition on complex valued Levi forms (see e.g. [7]).
2.2. The three types of CR manifolds of dimension six and codimension two.
From now, by (M,D, J) we will always denote an integrable Levi non-degenerate
CR manifold of dimension six and codimension two.
Consider such a CR manifold (M,D, J) and let π : E(M,D) → M be the
associated bundle of conormal frames of the distribution D. Recall that E(M,D)
is a GL2(R)-principal bundle over M . The aim of this subsection is to construct a
GL2(R)-equivariant map
Ψ : E(M,D)→ P(S2×2(R)) ,
where P(S2×2(R)) denotes the projective space of the space of symmetric 2× 2 real
matrices and on which we consider the right action of GL2(R) given by
A · [a] = [(A−1) · a · (A−1)T ] for any A ∈ GL2(R) . (2.7)
Since the map Ψ will be proved to be GL2(R)-equivariant and any fiber Ex =
π−1(x) ⊂ E(M,D) is a GL2(R)-orbit in E(M,D), we will have a well defined map
which assigns to any point x ∈ M the GL2(R)-orbit in P(S2×2(R)) containing the
image Ψ(Ex) of Ex = π
−1(x).
In order to define the map Ψ, we first need to recall the following lemma.
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Lemma 2.3. Let (V, J) be a 4-dimensional real vector space endowed with a com-
plex structure J and let Λ2
C
V ∗ be the space of J-invariant 2-forms of V . Let also
τ ∈ Λ4V be a non-trivial 4-vector on V and G
(τ)
the symmetric bilinear form defined
by
G
(τ)
: Λ2CV
∗ × Λ2CV ∗ → R , G
(τ)
(α, β)
def
= (α ∧ β)(τ) . (2.8)
Then G
(τ)
is a Lorentz metric on Λ2
C
V ∗ and the image ρ(GL2(V,C)) of the represen-
tation
ρ : GL2(V,C)→ GL(Λ2CV ∗,R) , ρ(A) · α = A∗α , (2.9)
is equal to the connected component of the identity of the linear conformal group of
(Λ2
C
V, G
(τ)
).
Proof. Consider a basis (e1, . . . , e4) for V , which satisfies Je1 = e2, Je3 = e4 and
e1 ∧ · · · ∧ e4 = τ , and let (e1, . . . , e4) be the corresponding dual basis in V ∗. Then
we may consider the following basis for Λ2
C
V ∗
ξ0 =
1
2
(
e1 ∧ e2 + e3 ∧ e4) , ξ1 = 1
2
(
e1 ∧ e2 − e3 ∧ e4) , (2.10)
ξ2 =
1
2
(
e2 ∧ e4 + e1 ∧ e3) , ξ3 = 1
2
(
e1 ∧ e4 − e2 ∧ e3) . (2.11)
and observe that the matrix associated with the bilinear form G
(τ)
in this basis is
(
G
(τ)
(ξi, ξj)
)
=

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1
 .
i.e. G
(τ)
is a Lorentz metric. For any complex endomorphism A ∈ GL(V,C), let us
denote by A∗ the induced action on Λ2
C
V ∗. Then, for any α ∈ Λ2
C
V ,
G
(τ)
(A∗α,A∗α) = |det(A)|2 G
(τ)
(α,α) ,
where by det(A) we mean the determinant of the complex matrix associated with
A in the complex basis (e1− iJe1, e3− iJe3). Then, for any α ∈ Λ2CV , we have that
A∗α ∈ Λ2
C
V and that
G
(τ)
(A∗α,A∗α) = |det(A)|2 G
(τ)
(α,α) .
This shows that (2.9) determines a representation of GL(V,C) as a subgroup of the
linear conformal group of G
(τ)
. Since the kernel of this representation is SO2(R),
by counting dimension, we get that ρ(GL(V,C)) is isomorphic to the connected
component of the identity of CO3,1(R). 
Now, for any given point x ∈M , let us fix a non trivial element ̟ ∈ Λ4Dx and
let us consider the Lorentz metric G
(̟)
on Λ2Dx defined in (2.8). Notice that if we
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replace ̟ by some other non trivial element of Λ4Dx, the associated Lorentz metric
changes only by multiplication by a non trivial factor.
Let also Ex ⊂ E(M,D) be the fiber over x in E(M,D) and, for any θ = (θ1, θ2) ∈
Ex, denote by a(θ) = (a
ij(θ)) the symmetric matrix
aij(θ) = G
(̟)
(d˜θ
i
, d˜θ
j
) . (2.12)
Using the condition of Levi non-degeneracy, one can check that a(θ) 6= 0 for any
θ ∈ Ex and, by the previous remark, we have that the projective class [a(θ)] ∈
P(S2×2(R
2)) is independent of the choice of ̟. In particular, we have a well-defined
map
Ψ : E(M,D)→ P(S2×2(R)) , Ψ(θ) = [aij(θ)] . (2.13)
If we consider on P(S2×2(R)) the right action given in (2.7), it follows from defi-
nitions that Ψ is GL2(R)-equivariant and that it is the map we announced at the
beginning of this subsection.
Observe that the action (2.7) of GL2(R) on P(S2×2(R)) has exactly three distinct
GL2(R)-orbits, namely the orbits of the following three elements
a)
[
1 0
0 1
]
, b)
[
0 0
0 1
]
, c)
[
1 0
0 −1
]
. (2.14)
This fact leads immediately to the following definition.
Definition 2.4. We say that x ∈ M is a point of elliptic, parabolic or hyperbolic
type if the image Ψ(Ex) of the fiber Ex = π
−1(x) ⊂ E(M,D) is contained in the
GL2(R)-orbit of
[
1 0
0 1
]
,
[
0 0
0 1
]
or
[
1 0
0 −1
]
, respectively.
We say thatM has strongly uniform type if all points x ∈M have the same type,
or, equivalently, if the image Ψ(E(M,D)) ⊂ P(S2×2(R2)) is contained in exactly
one GL2(R)-orbit of P(S2×2(R
2)). In this case M is called elliptic, parabolic or
hyperbolic manifold according to the type of its points.
Now, if x ∈ M is a point of a (2n + k)-dimensional Levi non-degenerate CR
manifold (M,D, J) of CR codimension k and θ = (θ1, . . . , θk) is a conormal frame
at the point x, we may consider the Ck-valued Hermitian form
Hx : C
n × Cn → Ck , Hx(z, z′) def= 1
2i
d˜θ(z, z′) ,
where we have identified Cn ≃ D10x . This Hermitian form determines uniquely (up
to isomorphisms) the so called osculating quadric of M at the point x, namely the
quadric
Qx
def
= {(z,w) ∈ Cn+k : Imw = Hx(z, z) } . (2.15)
Usually (see e.g. [7]), a CR manifold is called strongly uniform if the osculating
quadrics Qx and Qx′ of any two points are equivalent, i.e. if Hx′ = B · (A∗Hx) for
some A ∈ GLn(C) and some B ∈ GLk(R). It turns out that if M is of dimension 6
and CR codimension 2, M is of strongly uniform type (according to Definition 2.4)
if and only if it is strongly uniform according to this last definition. Actually, we
have the following fact, whose proof can be found e.g. in [16].
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Proposition 2.5. Let M be a Levi non-degenerate, integrable, CR manifold of
dimension six and codimension two of strongly uniform type. Then, at any point
x ∈ M , the osculating quadric is (up to equivalence) exactly one of the following
three quadrics
a) Im(w1) = Im(z1z¯2) , Im(w2) = Re(z1z¯2) ;
b) Im(w1) = |z1|2 , Im(w2) = Re(z1z¯2) ;
c) Im(w1) = |z1|2 , Im(w2) = |z2|2 .
In particular, a) occurs if M is elliptic, b) occurs if M is parabolic and c) occurs if
M is hyperbolic.
We want to stress the fact that, for a CR structure (D, J), the property of being
elliptic, parabolic or hyperbolic is mainly a quality of the underlying distribution
D and it is independent of the nature of complex structure J . See [3] for some
investigations on this fact.
From this point on, we will always assume that (M,D, J) is a strongly uniform
CR manifold of dimension six and codimension two and that it is either elliptic or
hyperbolic.
3. A reduction of the conormal frame bundle E(M,D).
Consider a strongly uniform CR manifold (M,D, J) of elliptic or hyperbolic
type and let π : E = E(M,D) → M be the conormal frame bundle determined
by the distribution D. In all the following, we will denote by ̟ = (̟1,̟2) the
tautological pair of E, that is the pair of 1-forms ̟1 and ̟2 defined at any point
θ = (θ1, θ2) ∈ Ex ⊂ E(M,D) by
̟a|θ(X,Y ) = θa(π∗(X), π∗(Y )) , a = 1, 2 , for all X,Y ∈ TθE . (3.1)
Then, we have the following:
Proposition 3.1. Let Ψ : E → P(S2×2(R)) be the map defined in (2.13) and let
Eˆ = Ψ−1 ([ao]), where [ao] =
[
1 0
0 1
]
or
[
0 1
1 0
]
if M is elliptic or hyperbolic,
respectively. Then:
(1) for any point x ∈M and any conormal frame (θ1, θ2) ∈ Eˆx, there exist four
1-forms (e3, e4, e5, e6) such that (θ1, θ2, e3, . . . , e6) is a basis for T ∗xM such
that e4|Dx = J∗e3|Dx , e6|Dx = J∗e5|Dx and the 2-forms (d˜θ1, d˜θ2) can be
written in terms of this basis as in the following table:
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M d˜θ1 d˜θ2 Gˆ
Elliptic
(
e4 ∧ e6 + e3 ∧ e5)
Dx
(
e3 ∧ e6 − e4 ∧ e5)
Dx
{
A∈M2,2(R) : A=
(
a b
−b a
)
·E ,
where E=( 1 00 1 ) or E=(
0 1
1 0 ) ,
and a2+b2 6=0} ≃ C∗×Z2
Hyperbolic
(
e3 ∧ e4)
Dx
(
e5 ∧ e6)
Dx
{ A∈M2,2(R) : A=( a 00 b )·E ,
where E=
(
±1 0
0 ±1
)
or E=( 0 11 0 )
and a,b∈R≥0 } ≃ R∗×R∗×Z2
Table 1
(2) Eˆ ⊂ E is a reduction of π : E →M with structure group Gˆ ⊂ GL2(R) given
in Table 1;
(3) let G˜ ⊂ GL2(Dx) and ρ : G˜→ Gˆ be the subgroups and isomorphisms given
in Table 2; then, for any element θ ∈ Eˆx ⊂ E and for any A ∈ G˜, we
have that d˜θ ◦ A˜ = ρ(A) · d˜θ (in the following table, the elements of G˜ are
identified with the matrices which are associated to their action on D∗x w.r.t.
a basis e3, e4, e5 and e6 satisfying (1)):
M G˜ ρ : G˜→ Gˆ
Elliptic
{
A∈M4,4(C) : A=
(
a −b
b a
0
0 1 00 1
)
·E ,
where E is I4×4 or
(
1 0
0 −1 0
0 0 11 0
)
and a2+b2 6=0 } ≃ C∗×Z2
ρ
(
a −b
b a
0
0 1 00 1
)
=
(
a b
−b a
)
ρ
(
1 0
0 −1 0
0 0 11 0
)
=( 0 11 0 )
Hyperbolic
{
A∈M4,4(R) : A=
(
a 0
0 a 0
0 b 0
0 b
)
·E ,
wherea,b>0 and E is I4×4 ,
(
0 1
1 0 0
0 1 00 1
)
,
(
1 0
0 1 0
0 0 11 0
)
or
(
0 1 00 1
1 0
0 1 0
) }
≃ R∗×R∗×Z2
ρ
(
a 0
0 a 0
0 b 0
0 b
)
=
(
a2 0
0 b2
)
, ρ
(
0 1
1 0 0
0 1 00 1
)
=(−1 00 1 )
ρ
(
1 0
0 1 0
0 0 11 0
)
=( 1 00 −1 ) , ρ
(
0 1 00 1
1 0
0 1 0
)
=( 0 11 0 )
Table 2
Proof. (1) Let [ao] =
[
1 0
0 1
]
. By definitions, the conormal frames θ = (θ1, θ2) ∈
Ψ−1([ao]) ∩Ex are exactly those whose corresponding 2-forms (d˜θ
1
, d˜θ
2
) represent
two space-like vectors of an orthonormal basis for the Lorentz metric G
(τ)
, for some
fixed choice of the 4-vector τ . Choose a basis (θ1, θ2, e3, e4, e5, e6) of T ∗xM , with
e4|Dx = J∗e3|Dx and e6|Dx = J∗e5|Dx and with (e3 ∧ e4 ∧ e5 ∧ e6)(τ) = 1, and
consider the orthonormal basis B = (ξ0, . . . , ξ3) of Λ2
C
Dx given by
ξ0 =
1
2
(
e3 ∧ e4 + e5 ∧ e6)∣∣∣∣
Dx
, ξ1 =
1
2
(
e3 ∧ e4 − e5 ∧ e6)∣∣∣∣
Dx
, (3.2)
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ξ2 =
1
2
(
e4 ∧ e6 + e3 ∧ e5)∣∣∣∣
Dx
, ξ3 =
1
2
(
e3 ∧ e6 − e4 ∧ e5)∣∣∣∣
Dx
. (3.3)
There always exists an orthonormal basis B′ for Λ2
C
Dx, in which the last two vectors
are exactly the 2-forms ( 12 d˜θ
1
, 12 d˜θ
2
). We may also assume that B′ has the same
orientation and the same time-direction of B. Since, by Lemma 2.3, the group
GL(Dx,C) acts on Λ2CDx as the connected component of the identity of CO3,1(R),
there is some element A ∈ GL(Dx,C) which maps B′ into B and such that ξ2 =
1
2
A∗d˜θ
1
and ξ4 = 1
2
A∗d˜θ
2
. This implies that, if we consider any A ∈ GL(TxM,R)
which preserves Dx and induces on Dx the transformation A, then the 2-forms d˜θ
i
can be written in terms of e′i = A∗ei as in Table 1.
Similar arguments prove (1) when [ao] =
[
0 1
1 0
]
.
(2) From the GL2(R)-equivariance of Ψ, it follows immediately that Eˆ is a re-
duction of E with structure group equal to the stability subgroup G[ao] ⊂ GL2(R)
on P(S2×2(R)). This stability subgroup is given in Table 1.
(3) It can be checked using just definitions. 
The relevance of the bundle Eˆ comes from the following fact. For any (local)
diffeomorphism φ :M →M , let us denote by φˆ the associated lifted map on
φˆ : T ∗M × T ∗M → T ∗M × T ∗M , φˆ(θ1, θ2) def= ((φ−1)∗θ1, (φ−1)∗θ2) .
Notice that if φ : M → M preserves the distribution D (i.e. φ∗(D) ⊂ D) then the
lifted map φˆ is a local diffeomorphism of the conormal frame bundle E into itself
such that φˆ∗(̟) = ̟. If we consider a (local) CR diffeomorphism φ : M → M
(that is such that φ∗(D) ⊂ D and φ∗J = J), then we have the following crucial
property of Eˆ.
Proposition 3.2. Let Eˆ ⊂ E be the subbundle defined in Proposition 3.1. Then:
(i) for any (local) CR diffeomorphism φ : M → M , the lifted map φˆ satisfies
φˆ(Eˆ) ⊂ Eˆ;
(ii) a (local) diffeomorphism ϕ : Eˆ → Eˆ is the lifted map ϕ = φˆ of some (local)
diffeomorphism φ :M →M preserving Eˆ (not necessarily CR), if and only
if it satisfies
ϕ∗(̟|Eˆ) = ̟|Eˆ . (3.4)
Proof. Let (θ1, θ2) ∈ Eˆx, for some x ∈ M , and let (θ1, θ2, e3, . . . , e6) be a basis of
T ∗xM as in Proposition 3.1 (1). If φ : M → M is a CR diffeomorphism defined on
a neighborhood of x, one can check that the 1-forms θ1′ = φ∗(θ1), θ2′ = φ∗(θ2),
ei′ = φ∗(ei), i = 3, . . . , 6, constitute a basis for T ∗
φ(x)M and the 2-forms d˜θ
1′ and
d˜θ2′ are written in terms of ei′ as in Proposition 3.1 (1). From this, it follows that
Ψ(θ1′, θ2′) = Ψ(θ1, θ2) = [ao] and that φˆ(θ
1, θ2) ∈ Eˆ. The claim that φˆ(̟|Eˆ) = ̟|Eˆ
follows directly from definitions.
The proof that a (local) diffeomorphism ϕ : Eˆ → Eˆ is the lifted map of some
CR transformation of M if and only if (3.4) holds can be obtained by the same line
of arguments of Proposition VI.1.3 in [13]. 
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Remark 3.3. Notice that, in addition to (D, J (0)) = (D, J) and (D, J (1)) = (D,−J),
the manifold M carries two natural (almost) CR structures (D, J (i)), i = 2, 3,
defined as follows.
At a point x ∈ M , pick any pair θ = (θ1, θ2) ∈ Eˆx and some corresponding
1-forms (e3, e4, e5, e6) which satisfy Proposition 3.2 (1). Then Dx splits into the
J -invariant subspaces D1x = Ker e5|Dx ∩Ker e6|Dx and D2x = Ker e3|Dx ∩Ker e4|Dx .
This splitting is independent of the choice of θ and of the ei’s (see [5]). The CR
structures (D, J (2)) and (D, J (3)) are defined by
J (2)x = J |D1x ⊕ (−J |D2x) , J (3)x = (−J |D1x)⊕ (J |D2x) , x ∈M .
It is not difficult to check that any local transformation φ :M →M , which preserves
D and such that φ∗(J (i)) = J (j) for some 0 ≤ i, j ≤ 3, has a lift which maps Eˆ into
Eˆ.
4. The Chern-Moser bundle of an elliptic or hyperbolic manifold.
In the following, we will continue adopting the notation of the previous section.
In particular, ̟ = (̟1,̟2) will be used also to denote the restriction of the
tautological pair of E = E(M,D) on the reduction Eˆ ⊂ E.
Moreover, since E is a principal bundle over M , with structure group GL2(R),
we may consider the fundamental vector fields Eij
∗ on E, which are determined by
the elements Eij = (δ
i
j) ∈ gl2(R). Recall the Eij∗ are vertical vector fields which
span at all points the vertical distribution of E(M,D). Finally, we adopt also the
following notation.
Notation 4.1. We will use latin letters a, b, c, d to denote indices which run between
1 and 2; we will use the letters i, j, k, ℓ to denote indices which run between 3 and
6; we will use greek letters α, β, γ, δ to denote indices which run between 7 and 8.
With capital latin letters I, J,K,L, we will denote indices which may run between
1 through 8.
Consider a frame (e1, . . . , e8) ⊂ TθEˆ at a point of Eˆ and denote by (e1, . . . , e8) ⊂
T ∗θ Eˆ the associated dual frame. Then we will use the symbols e
1
1, e
2
1, e
1
2, e
2
2 to denote
a quadruple of 1-forms, which depends on the forms e7, e8 according to the following
rules:
i) if M is elliptic, we set e11 = e
2
2 = e
7 and −e12 = e21 = e8;
ii) if M is hyperbolic, we set e11 = e
7, e22 = e
8 and e12 = e
2
1 = 0.
Furthermore, we define the following C-valued 1-forms: E0 = e1+ie2, E1 = e3+ie4,
E2 = e5 + ie6, E00 = e
1
1 + ie
2
2, Ω = ̟
1 + i̟2.
We have now all ingredients to introduce the concept of “adapted frames” and
of “Chern-Moser bundle of an elliptic or hyperbolic manifold”.
Definition 4.2. A frame (e1, . . . , eN ) ⊂ TθEˆ is called adapted to the CR structure
if the following conditions are satisfied:
1) the vectors e7 and e8 are equal to the vectors e˜7, e˜8 defined by
e˜7 =
{
E11
∗|θ +E22∗|θ if M is elliptic ,
E11
∗|θ if M is hyperbolic , (4.11)
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e˜8 =
{−E12∗|θ + E21∗|θ if M is elliptic ,
E22
∗|θ if M is hyperbolic , (4.12)
2) the vectors ea, a = 1, 2, are such that ̟
a(eb) = δ
a
b ;
3) the vectors ei, i = 3, 4, 5, 6, satisfy Jπˆ∗(e3) = ±πˆ∗(e4), Jπˆ∗(e5) = ±πˆ∗(e6)
and the linear equations
̟a(ei) = 0 , d̟
a(ei, eα) = 0 (4.2)
for any a = 1, 2 and α = 7, 8 plus the following conditions (here Ω =
̟1 + i̟2, E0 =
1
2(e1 − ie2), E1 = 12(e3 − ie4) and E2 = 12(e5 − ie6)):
Elliptic

dΩ(E1, E0) = dΩ(E¯1, E¯0) = dΩ(E2, E¯0) = dΩ(E¯2, E0) = 0
dΩ(E¯1, E0) = dΩ(E2, E0) = 0
dΩ(E¯1, E2) = 1 dΩ(E1, E¯2) = 0
dΩ(E1, E¯1) = dΩ(E2, E¯2) = dΩ(E1, E2) = dΩ(E¯1, E¯2) = 0
Hyperbolic

d̟a(ei, ea) = 0 for any a = 1, 2
d̟1(ei, e2) = 0 if i = 3, 4 and d̟
2(ei, e1) = 0 if i = 5, 6
d̟1(ei, ej) =
{
1 if i = 3, j = 4
0 if {i, j} 6= {3, 4}
d̟2(ei, ej) =
{
1 if i = 5, j = 6
0 if {i, j} 6= {5, 6}
Table 3
The conditions given in Definition 4.2 can be totally reformulated into conditions
on the dual coframe of an adapted frame. Such conditions are the following.
Lemma 4.3. A frame (e1, . . . , e8) of a tangent space TθEˆ is a adapted to the CR
structure if and only if the dual coframe (e1, . . . , e8) ⊂ T ∗θ Eˆ satisfies the following
conditions:
i) for α = 7, 8, the 1-forms eα satisfy eα(e˜β) = δ
α
β , where the e˜β, with β = 7, 8,
are the vectors defined in (4.1);
ii) for a = 1, 2, ea = ̟a|θ;
iii) for i = 3, 4, 5, 6, the 1-forms ei vanish on any of the vectors e˜β, β = 7, 8,
given in (4.1), and there exists a coframe (θ1, . . . , θ6) in T ∗xM , x = πˆ(θ),
such that πˆ∗(θi) = ei, i = 3, . . . , 6, and J∗θ3|Dx = ±θ4|Dx , J∗θ5|Dx =
±θ6|Dx ;
iv) the differentials d̟a, a = 1, 2, evaluated at the point θ, are equal to the
following expressions for some suitable constants s, s′, t, t′, σ, τ (here Ω =
̟1 + i̟2, E1 = e3 + ie4, E2 = e5 + ie6, E00 = e
7 + ie8 = e11 + ie
2
2):
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D d̟a
Elliptic dΩ+ E00 ∧ Ω = E¯1 ∧E2 + σ E1 ∧ Ω¯ + τ E¯2 ∧ Ω¯
Hyperbolic
d̟1 + e1a ∧̟a = e3 ∧ e4 + s e5 ∧̟2 + t e6 ∧̟2
d̟2 + e2a ∧̟a = e5 ∧ e6 + s′ e3 ∧̟1 + t′ e4 ∧̟1
Table 4
Proof. Let us check that if a coframe (e1, . . . , e8) satisfies i) - iv), then the dual
basis (e1, . . . , eN ) is an adapted frame.
First of all, from i), ii) and iii), it is clear that the vectors eα, with α = 7, 8,
must coincide with the vectors e˜α of (4.1). Also (2) of Definition 4.2 is immediately
satisfied by the vectors e1 and e2. Finally, if we consider the remaining vectors ei,
i = 3, 4, 5, 6, and we plug them into the tautological 1-forms ̟a|θ = ea and into
d̟a|θ, we see that all conditions of Definition 4.2 (3) are satisfied.
Conversely, assume that (e1, . . . , e8) is a coframe, which is dual to an adapted
frame. It is clear that i) and iii) are satisfied. Also ii) is satisfied, since ̟a|θ,
a = 1, 2, gives the value 1 if and only if it is evaluated to the vector ea. Finally,
from (3) of Definition 4.2, it follows that, modulo terms of type ̟a ∧ eα, a = 1, 2,
α = 7, 8, the expressions for d̟a|θ have to be as in Table 4. Then, using the action
of the vector fields Eij
∗ on the tautological 1-forms ̟a, one can compute the values
d̟a((Eij)
∗, ea) and check directly that the terms of type ̟
a∧eα, a = 1, 2, α = 7, 8,
appearing in the expressions for d̟a|θ, are those given in Table 4 (at this regard,
see also the proof of next Lemma 4.4). 
It is fair to ask if there exists at least one adapted frame at any point of Eˆ. The
answer is yes as it is proved in the following lemma.
Lemma 4.4. There exists at least one adapted frame at any θo = (θ
1
o, θ
2
o) ∈ Eˆ.
Proof. Let x be the point x = πˆ(θo) ∈M and consider a local section θˆ : U ⊂M →
Eˆ such that θˆx = θo. Any element θ ∈ πˆ−1(U) ⊂ E(M,D) can be written as
θ = A−1 · θˆy
where y = π(θ) ∈ U and A ∈ GL2(R). Moreover, if we consider the 1-form ˆ̟ = πˆ∗θˆ,
we have that the tautological pair ̟ can be written at a point θ = A−1 · θˆy as
̟|
A−1·θˆy
= A−1 · ˆ̟ |
A−1·θˆy
.
Therefore, by the fact that θo = θˆx, we get that d̟ at θo can be written as
d̟|θo = −(dA) ∧̟|θo + d ˆ̟ |θo . (4.3)
It is not difficult to realize that (dA) is a 2× 2-matrix of 1-forms
(dA) =
(
e11 e
1
2
e21 e
2
2
)
CHERN-MOSER CONNECTION FOR CR MANIFOLDS OF CODIMENSION TWO 15
with entries eij which satisfy the linear relations described in i) or ii) in Notation
4.1.
On the other hand, d ˆ̟ |θo = πˆ∗dθˆx and, by Proposition 3.1, we can find 1-forms
eˆ3, . . . , eˆ6 in T ∗xM so that dθˆ
a
x can be written as
dθˆax = H
a
ij eˆ
i ∧ eˆj +Maibeˆi ∧ θbo +Nabcθbo ∧ θco , (4.4)
where the constants Haij are so that d˜θo = dθˆ|Dx×Dx is in one of the forms listed in
Table 1. So, if we set
ea = πˆ∗θao , e
i = πˆ∗eˆi ,
we get that the coframe (e1, . . . , e6, eij) satisfies i), ii) and iii) of Lemma 4.3. More-
over, the differentials d̟a|θo are of the form
d̟a|θo + eab ∧̟b = Haijei ∧ ej +Maibei ∧̟b +Nabc̟b ∧̟c , (4.5)
for some real numbers Maib and N
a
ib. Now, replacing the 1-forms e
i, eab with other
1-forms of the kind ei+Aiaea and eab +Babcec+Cabiei for some constants Aia, Babc, Cabi,
one gets another coframe which still satisfies i), ii) and iii) of Lemma 4.3. Moreover,
if the coefficients Aia and Bija are suitably chosen, one can obtain that several of
the constantsMaib and N
a
bc, which appear in relation (4.5) for this new coframe, are
equal to 0. Choosing the coefficient, so that a maximal number of the constants
Maib and N
a
bc vanishes, one obtains the equations of Table 4. 
Definition 4.5. LetM be an elliptic or hyperbolic manifold. The extended Chern-
Moser bundle of M is the set PˆCM(M) of all adapted frames of Eˆ. The Chern-Moser
bundle of M is the subset PCM(M) ⊂ PˆCM(M) given by all adapted frames such
that Jπˆ∗(e3) = +πˆ∗(e4) and Jπˆ∗(e5) = +πˆ∗(e6).
The set PˆCM(M) has a natural structure of fiber bundle over M given by the
projection
π = πˆ ◦ πo : PCM(M)→M , πˆ : Eˆ →M , πo : PCM(M)→ Eˆ .
The tautological 1-form of PCM(M) is the 6-tuple ω = (ω
1, . . . , ω6), where the ωi’s
are the 1-forms defined by
π∗(X) =
6∑
i=1
ωi(X) · πˆ∗(ei) or, equivalently, ωi(X) = ei(πo∗(X)) , i = 1, . . . , 6 ,
for any X ∈ TuPˆCM(M) at a frame u = (e1, . . . , e8) ∈ PˆCM(M).
5. The Chern-Moser bundle PCM(M) is a principal bundle over M .
The aim of this section is the proof of Theorems 5.2 and 5.3 below, which claim
that both PˆCM(M) and PCM(M) admit a natural structure of principal bundle over
M . Their proofs require a preliminary result, given in the next Proposition 5.1.
5.1 The natural action of the structure group of πˆ : Eˆ →M on PˆCM(M).
The first step for Theorem 5.3 consists in showing that the structure group Gˆ of
πˆ : Eˆ →M admits a lifted action on πo : PˆCM(M)→ Eˆ. Namely,
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Proposition 5.1. Let Gˆ be the structure group of πˆ : Eˆ → M as described in
Proposition 3.1. Then there exists a right action of Gˆ on PˆCM(M), which commutes
with any diffeomorphism of PˆCM(M) induced by a CR transformation of M .
Proof. In the following, for any element A ∈ Gˆ, we will denote by A˜ = ρ−1(A) ∈ G˜
the corresponding element in the group G˜ ⊂ GL2(C) given in Table 2. Moreover,
for any A ∈ Gˆ, let RA : Eˆ → Eˆ be the right action of A, i.e.
RA(θ
1, θ2) = ((A−1)1aθ
a, (A−1)2bθ
b)
def
= (A−1) · θ
Finally, for any frame u = (e1, . . . , e8) ⊂ TθEˆ, let ΨA(u) = (e′1, . . . , e′8) be the frame
e′a = RA∗(A
b
aeb) , e
′
i = RA∗(A˜
j
iej) , e
′
α = RA∗(eα) (5.1)
(we adopt the convention on indices of Notation 4.1). It is simple to check that, for
any two elements A,A′ ∈ Gˆ
ΨA ◦ΨA′ = ΨA′·A
and hence that the map A 7→ ΨA gives a right action of Gˆ on the space of linear
frames of Eˆ. If we show that this action maps adapted frames into adapted frames,
we are done.
Assume that (e1, . . . , e8) is an adapted frame and let (e
1, . . . , e8) be the cor-
responding dual coframe. Since the fundamental vector fields determined by the
structure group Gˆ are mapped into itself by any diffeomorphism RA, with A ∈ Gˆ,
it is clear that the vectors e′α, α = 7, 8, satisfy (1) of Definition 4.2 whenever the
vectors eα’s do. Notice also that, for any X ∈ TθEˆ
R∗A(̟
a)(X)|θ = ̟aA−1·θ(RA ∗ (X)) =
= ((A−1)abθ
b)(πˆ∗ ◦RA∗(X)) = ((A−1)abθb)(πˆ∗(X)) = ((A−1)ab̟b)(X)|θ . (5.2)
Therefore, for a, b, c = 1, 2,
̟a(e′b) = A
c
bRA
∗(̟a)(ec) = A
c
b(A
−1)adδ
d
c = δ
a
b ,
and hence also (2) of Definition 4.2 is satisfied. Similarly, using (5.2) and the fact
that the vectors ei’s satisfy (4.2), one can check that also the vectors e
′
i = A˜
j
iRA∗(ej)
satisfy (4.2).
It remains to check if the vectors e′i satisfy the conditions of Table 1. But this
can be done, just using the explicit expressions of the matrices Aab ∈ Gˆ and A˜ij ∈ G˜
and the fact that, by construction, d̟a|A−1·θ(e′j , e′b) = A˜ij(A−1)acAdbd̟c(ei, ed) for
any a, b = 1, 2 and any i, j = 3, 4, 5, 6. 
5.2 The bundle π : PˆCM(M)→ Eˆ is a principal bundle (elliptic case).
Assume thatM is elliptic. Recall that, for any adapted frame (e1, . . . , e8) at θ ∈
Eˆ, with corresponding dual coframe (e1, . . . , e8) the following holds (see Notation
4.1)
dΩ+E00 ∧ Ω = E¯1 ∧E2 + σE1 ∧ Ω¯ + τE¯2 ∧ Ω¯ , (5.3)
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where σ and τ are two suitable complex numbers, depending on the frame (ei).
Now, consider a new coframe (e′i), which satisfies i), ii) and iii) of Lemma
4.3. Assume also that, if (ei) satisfies (iii) of Lemma 4.3 with J∗θ3 = ǫθ4 and
J∗θ5 = ǫ′θ6, for some ǫ, ǫ′ = ±1, then the new coframe satisfies (iii) of Lemma 4.3
with the same signs ǫ and ǫ′. Then (e′i) is of the form
ea′ = ea ( ⇒ Ω′ = e′1 + ie′2 = e1 + ie2 = Ω ) , (5.4)
Ei′ = CijE
j + Bi(e1 + ie2) + Bib(e
1 − ie2) = CijEj +BiΩ+ BibΩ¯ , (5.5)
E00
′ = E00 + BˆjE
j + B˜jE¯
j + AˆΩ+ A˜Ω¯ , (5.6)
where Cij , B
i
a, Bˆj , B˜j , Aˆ and A˜ are complex numbers. In order to make (e
′i) to
satisfy also iv) of Lemma 4.3, we have to require that the constants Cij , B
i
a, Bˆj ,
B˜j , Aˆ and A˜ satisfy some additional conditions. In fact, plugging (5.4) - (5.6) into
(5.3), we get that
dΩ = −E00 ∧ Ω− BˆjEj ∧ Ω− B˜jE¯j ∧ Ω + A˜Ω ∧ Ω¯+
+C11C
2
2 E¯
1 ∧E2 + C12C22 E¯2 ∧E2 + C11C21 E¯1 ∧E1 + C12C21 E¯2 ∧E1+
+C1i B
2E¯i ∧ Ω + C1i B2b E¯i ∧ Ω¯− B1C2i Ei ∧ Ω¯−B1bC2i Ei ∧ Ω+
+σ′C1i E
i ∧ Ω¯ + σ′B1Ω ∧ Ω¯ + τ ′C2i E¯i ∧ Ω¯ + τ ′B2bΩ ∧ Ω¯ . (5.7)
By comparison of (5.7) with (5.3), we find the conditions
C11C
2
2 = 1 , C
1
2 = C
2
1 = 0 , B
1 = B2b = 0 , (5.8)
B˜1 = C11B
2 , Bˆ2 = −B1bC22 , Bˆ1 = B˜2 = A˜ = 0 . (5.9)
Moreover, we see that the values σ, τ associated with the frame (ei) and the values
σ′, τ ′ associated with the frame (ei) are related by
σ′ = (C11)
−1σ = C22σ , τ
′ = (C22 )
−1τ = C11τ . (5.10)
From such observations, we obtain that (e′i) is a new adapted frame if and only if
it is of the form
E0′(
def
= e′1 + ie′2) = E0 , E1′ =
1
C¯
E1 + F¯E0 , E′2 = CE2 +HE0 ,
E00
′ = E00 − CFE2 −
1
C
HE¯1 +AE0 .
With similar arguments, it can be checked that there is no adapted coframe
(e′i), which satisfies (iii) of Lemma 4.3 with signs J∗θ3 = +ǫθ4 and J∗θ5 = −ǫ′θ6
or J∗θ3 = −ǫθ4 and J∗θ5 = +ǫ′θ6.
Finally, using the same arguments of before, we get that any adapted coframe
(e′i), which satisfies iii) of Lemma 4.3 with J
∗θ3 = −ǫθ4 and J∗θ5 = −ǫ′θ6, has to
be of the form
E0′ = E0 , E1′ = − 1
C¯
E¯2 + F¯E0 , E′2 = CE¯1 +HE0 ,
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E00
′ = E00 −
1
C
HE2 − CFE¯1 +AE0 .
It follows that PˆCM(M) is a principal bundle over Eˆ, with structure group G, which
is isomorphic to the following group of matrices, associated with the transformations
of the quadruple (E0, E1, E2, E00) into the quadruple (E
′0, E′1, E′2, E′00):
G = G(1) ·G(2) G(1) =


1 0 0 0
F 1
C
0 0
H 0 C 0
A H
C
−CF 1
 A,C,F,H ∈ C ,
 ,
G(2) =
 I4×4 ,

1 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 1
 ,

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1
 ,

1 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 1


(5.11)
In particular, PˆCM(M) is a smooth manifold . Note that G
(1) is isomorphic to a
subgroup of the isotropy HQ, where Q is the elliptic quadric.
5.3 The bundle π : PˆCM(M)→ Eˆ is a principal bundle (hyperbolic case).
Assume now that M is hyperbolic. For any adapted frame (e1, . . . , e8) at θ ∈ Eˆ,
with corresponding dual coframe (e1, . . . , e8), from Table 4 and adopting Notation
4.1, we may write that
d̟1|θ = i
2
E1 ∧ E¯1 + σE2 ∧ e2 + σ¯E¯2 ∧ e2 − e11 ∧ e1 , (5.12)
d̟2|θ = i
2
E2 ∧ E¯2 + τE1 ∧ e1 + τ¯ E¯1 ∧ e1 − e22 ∧ e2 , (5.13)
for some σ, τ ∈ C. Assume also that (ei) satisfies (iii) of Lemma 4.3 with J∗θ3 = ǫθ4
and J∗θ5 = ǫ′θ6, for some fixed values ǫ, ǫ′ = ±1. Now, from definitions, a new
coframe (e′i), which satisfy (i), (ii) and (iii) of Lemma 4.3, with the same signs ǫ,
ǫ′ in the equations J∗θ′3 = ǫθ′4 and J∗θ′5 = ǫ′θ′6, can be obtained from (ei) by
means of a linear transformation of the following form:
ea′ = ea , Ei′ = CijE
j + Biae
a , (5.14)
e11
′ = e11 + Bˆ
1
jE
j + Bˆ1j E¯
j + A1ae
a , e22
′ = e22 + Bˆ
2
jE
j + Bˆ2j E¯
j + A2ae
a , (5.15)
for some Cij , B
i
a, Bˆ
i
j ∈ C and Aia ∈ R. Assuming that the coframe (e′i) satisfies also
(iv) (and hence (5.12) and (5.13)), the following conditions have to be satisfied
|C11 |2 = |C22 | = 1 , Caj = 0 if a 6= j ,
B12 = Bˆ
1
2 = A
1
2 = 0 , B
2
1 = Bˆ
2
1 = A
2
1 = 0 ,
Bˆ11 =
i
2
B¯11C
1
1 , Bˆ
2
2 =
i
2
B¯22C
2
2 ;
there is no restriction on the coefficients Bii ∈ C and A11 ∈ R.
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On the other hand, a similar line of arguments shows that if a new coframe (e′i)
satisfies (i), (ii) and (iii) of Lemma 4.3, with the additional conditions J∗θ′3 = −ǫθ′4
or J∗θ′5 = −ǫ′θ′6, then the condition (iv) of Lemma 4.3 can never be satisfied and
hence (e′i) cannot be an adapted coframe.
Since this result is independent of the choice of the element in PˆCM(M), we con-
clude that PˆCM(M) is a principal bundle over Eˆ, with structure group isomorphic
to the group of matrices
G =


1 0 0 0
B1 C1 0 0
B¯1 0 C¯1 0
A1
i
2
B¯1C1 −
i
2
B1C¯1 1
0
0
1 0 0 0
B2 C2 0 0
B¯2 0 C¯2 0
A2
i
2
B¯2C2 −
i
2
B2C¯2 1
 Bi,Ci∈C, Ai∈R, |Ci|=1 ,

(5.16)
Note that G is isomorphic to a subgroup of the isotropy HQ, where Q is the
hyperbolic quadric.
5.4 Conclusion.
The following Theorems are the main result of this section.
Theorem 5.2. Let M be elliptic or hyperbolic, G the group described in (5.11)
and (5.16), respectively, and Gˆ the structure group of πˆ : Eˆ →M . Then the group
Gˆ⋉G has a natural right action on PˆCM(M), determined by the right action of Gˆ
given in Proposition 5.1 and the right action of G described in §5.2 and §5.3, and
π : PˆCM(M)→M is a principal bundle over M with structure group Gˆ⋉G.
Moreover, Gˆ ⋉ G ≃ HQ × Z2 if M is elliptic or Gˆ ⋉ G ≃ HQ × Z2 × Z2 if M
is hyperbolic, where HQ is the stability subgroup of the osculating quadric Q at the
origin.
Proof. The group HQ is described e. g. in [16]. The existence of the isomorphisms
Gˆ⋉G ≃ HQ × Z2 or Gˆ⋉G ≃ HQ × Z2 × Z2 follows by comparison of the groups.
Finally, the fact that Gˆ⋉G acts transitively on the fibers of P is a direct consequence
of the definitions of the actions of Gˆ and G. 
Theorem 5.3. The Chern-Moser bundle PCM(M) of an elliptic or hyperbolic man-
ifold M is a union of connected components of PˆCM(M). In particular, it is a
principal bundle over M with structure group isomorphic to HQ.
Proof. For any point θ ∈ Eˆ and any u = (e1, . . . , e8) ∈ PˆCM(M)|θ, consider the
subspace D˜θ,u = Ker(e7) ∩ Ker(e8). The projection πˆ∗|TθEˆ : TθEˆ → Tπˆ(θ)M in-
duces a linear isomorphism between D˜θ,u and Dπˆ(θ). We may consider the induced
complex structure J˜θ,u : D˜θ,u → D˜θ,u defined by
J˜θ,u = (πˆ∗|D˜θ,u)−1 ◦ J ◦ πˆ∗|D˜θ,u .
So, a frame u = (e1, . . . , e8) ∈ PˆCM(M) belongs to PCM(M) if and only if
e4(J˜πo(u),u(e3)) = +1 , e
6(J˜πo(u),u(e5)) = +1 .
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Since the functions on the left hand sides are continuous and take values ±1, they
are constant on any connected component of PˆCM(M) and this immediately implies
the first claim.
The second claim follows from the fact that, for any x ∈ M , the intersection
PˆCM(M)x ∩ PCM(M) coincides with the orbit of HQ ⊂ Gˆ⋉G. 
6. A canonical Cartan connection on the Chern-Moser bundle.
Definition 6.1. Let P be an H-principal bundle over M and assume that there
exists a Lie algebra g, which properly contains h = Lie(H) and a representation
Ad : H → Aut(g) which extends the adjoint representation of h on g.
A Cartan connection on P with model (g,Ad(H)) is a g-valued 1-form ψ : TP →
g such that (here, for any h ∈ H, Rh is the right action of h on P ):
i) for any u ∈ P , ψu : TuP → g is a linear isomorphism;
ii) ψ(A∗) = A for any A ∈ h = Lie(H) (here A∗ is the fundamental vector
field associated with A, i.e. the vector field on P , whose flow is equal to the
1-parameter family of diffeomorphisms Rexp(tA))
iii) ψ is H-invariant, i.e. for any h ∈ H
R∗hψ = Adh−1 ◦ψ . (6.1)
As before, for a given elliptic or hyperbolic manifold M , we will always denote
by GQ and HQ the group of automorphisms of the osculating quadric Q and the
stability subgroup at the origin, respectively. Finally, we set gQ = Lie(GQ) and
hQ = Lie(HQ).
By standard facts on elliptic or hyperbolic quadrics (see e.g. [16]), it is known
that the Lie algebra gQ = Lie(GQ) is a semisimple Lie algebra isomorphic to
su2,1 ⊕ su2,1 (hyperbolic case) or to sl3(C) (elliptic case). It also admits a graded
decomposition of the form
gQ = g
−2
Q + g
−1
Q + g
0
Q + g
1
Q + g
2
Q ,
with [giQ, g
j
Q] ⊂ gi+jQ such that hQ = g0Q + g1Q + g2Q and so that the following
property holds: if for any X ∈ gQ we denote by Xˆ the corresponding infinitesimal
transformation on Q ⊂ GQ/HQ, then the map
ı : gQ → T0Q , X ı7→ XˆeHQ (6.2)
induces an isomorphism between g−1Q and the holomorphic tangent space D0 and
an isomorphism between g−2Q + g
−1
Q and T0Q.
Our aim is to construct explicitly a Cartan connection on PCM(M) with model
(gQ, Ad(HQ)), which is invariant under any CR transformation of M . Any con-
nection which satisfies such property of invariance will be called canonical .
From now on, we will denote by (ǫi, VA,k) the special basis for gQ listed in
Appendix. Notice that such a basis is so that:
i) (ǫ1, ǫ2) is a basis for g
−2
Q , (ǫ3, . . . , ǫ6) is a basis for the subspace g
−1
Q ⊂ gQ
and
Jı(ǫ3) = ı(ǫ4) , Jı(ǫ5) = ı(ǫ6)
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(here ı is the map defined in (6.2) and J is the complex structure of T0Q);
ii) for any k = 0, 1, 2, the elements (VA,k) form a basis for the subspace g
k
Q ⊂
gQ;
iii) the Lie brackets between the elements ǫi are as follows:
Elliptic
[ǫ3, ǫ5] = −ǫ1 , [ǫ4, ǫ6] = −ǫ1 , [ǫ3, ǫ6] = −ǫ2 , [ǫ4, ǫ5] = ǫ2
[ǫ3, ǫ4] = [ǫ5, ǫ6] = 0
Hyperbolic
[ǫ3, ǫ4] = −ǫ1 , [ǫ5, ǫ6] = −ǫ2 ,
[ǫ3, ǫ5] = [ǫ3, ǫ6] = [ǫ4, ǫ5] = [ǫ4, ǫ6] = 0
Table 5
A given gQ-valued 1-form ψ on PCM(M) can be always written as
ψ =
∑
i
ǫiψ
ǫi +
∑
VA,kψ
VA,k
where ψǫi and ψVA,k denote some suitable R-valued 1-forms on PCM(M).
Observe that a gQ-valued 1-form ψ satisfies (i) of Definition 6.1 if and only if
for any u ∈ PCM(M) the 1-forms ψǫi |u and ψVA,k |u are a basis for T ∗uPCM(M). If
this occurs, we have a natural injective linear homomorphism between gQ and the
vectors fields on PCM(M), namely the correspondence between any elementX ∈ gQ
and the unique vector field Xˆ such that ψu(Xˆ) = X at any u ∈ PCM(M). Such a
vector field Xˆ will be called fundamental vector fields associated with X ∈ gQ by
means of the gQ-valued 1-form ψ.
Then next Lemma gives a characterization of the Cartan connections amongst
the gQ-valued 1-forms which satisfy Definition 6.1 (i).
Lemma 6.2. Let (ψǫi , ψVA,k ) be a set of R-valued 1-forms on PCM(M), which are
linearly independent at all points of PCM(M), and let ψ =
∑
i ǫiψ
ǫi +
∑
VA,kψ
VA,k .
For any X ∈ gQ, denote also by Xˆ the associated fundamental vector field, by
means of ψ. Then ψ is a Cartan connection modelled on (gQ,Ad(HQ)) if and only
if
(1) the vector fields VˆA,k coincide with the fundamental vector fields V
∗
A,k asso-
ciated with the elements VA,k ∈ hQ ⊂ gQ, by means of the right action of
HQ on PCM(M);
(2) for any vector field ǫˆi and any element VB,k ∈ hQ
[VB,k, ǫi] = −dψ(V ∗B,k, ǫˆi) = ψ([V ∗B,k, ǫˆi]) . (6.3)
(3) ψ is invariant under the element gsym ∈ HQ ⊂ Gˆ⋉G defined as follows: if
M is elliptic, then gsym = g1 · g2, where g1 =
(
1 0
0 −1
)
∈ Gˆ and g2 ∈ G is
the element which exchanges E¯1 with E2; if M is hyperbolic, then gsym =(
0 1
1 0
)
∈ Gˆ.
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Proof. By construction, ψ satisfies i) of Definition 6.1. Moreover, if (1) holds, then
ψ satisfies ii) of Definition 6.1 and, for any VA,k, VB,ℓ ∈ hQ we have that
[VB,ℓ, ψ(VˆA,k)] + (LV ∗
B,ℓ
ψ)(VˆA,k) = [VB,ℓ, VA,k]− ψ([V ∗B,ℓ, V ∗A,k]) =
= [VB,ℓ, VA,k]− ψ([VB,ℓ, VA,k]∗) = 0 . (6.4)
It follows that, if ψ satisfies also (6.3),
[VB,k, ψ(ǫˆi)] + (LV ∗
B,ℓ
ψ)(ǫˆ) = [VB,k, ǫi] + dψ(V
∗
B,k, ǫˆi) = 0 .
So, for any element Xˆ ∈ {ǫˆi, VˆA,k}, we have that [VB,k, ψ(Xˆ)] + (LV ∗
B,k
ψ)(Xˆ) =
0. Since the vectors {ǫˆi, VˆA,k} span TuPCM(M) at any point and, in the elliptic
and hyperbolic case, the connected component of the identity HoQ coincides with
exp(hQ), we conclude that ψ is H
o
Q-invariant. Finally, since HQ = H
o
Q ×{e, gsym},
if also (3) is satisfied, then ψ is invariant under the entire group HQ and hence it
is a Cartan connection.
The necessity of conditions (1) - (3) follows from the definitions. 
Remark 6.3. Note that condition (6.3) can be written also as
[V ∗B,k, ǫˆi] =
̂[VB,k, ǫi] . (6.3’)
Observe also that, by the proof of Proposition 5.1, if M is hyperbolic, the element
gsym maps any adapted coframe (e
1, . . . , e8) into the adapted coframe (e′1, . . . , e′8)
defined by
e′1 = R∗gsym(e
2) , e′2 = R∗gsym(e
1) ,
e′3 = R∗gsym(e
5) , e′4 = R∗gsym(e
6) , e′5 = R∗gsym(e
3) , e′6 = R∗gsym(e
4) .
Similarly, by the same Proposition 5.1, if M is elliptic, the element gsym maps any
adapted coframe (e1, . . . , e8) into the adapted coframe (e′1, . . . , e′8) defined by
E′0 = R∗gsym(E¯
0) , E′1 = R∗gsym(E
2) , E′2 = R∗gsym(E
1) ,
where, as before, E0 = e1 + ie2, E1 = e3 + ie4 and E2 = e5 + ie6.
The next lemma shows that, locally, a Cartan connection always exists and that
some additional useful properties can be always assumed.
Lemma 6.4. Let U ⊂ M be an open subset such that π−1(U) ⊂ PCM(M) is
trivializable. Then there exists a Cartan connection ψ on π−1(U) modelled on
(gQ,Ad(HQ)), such that
ψǫi = ωi , (6.5)
where the ωi’s are the components of the tautological 1-form ω of PCM(M).
Proof. It is known (see e.g. Ch. 5 in [17]) that any Cartan connection on π−1(U)
can be constructed as follows. Let µ : π−1(U)→ U ×HQ be a trivializing map and
let δx be a family of linear maps δx : TxU → gQ, depending smoothly on the points
x ∈ U and such that the compositions p◦δx with the projection p : gQ → g−2Q +g−1Q
are linear isomorphisms. If we denote by π2 : U ×HQ → HQ the natural projection
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onto the second factor and we denote by ωHQ the Maurer-Cartan form of HQ, then
the 1-form
ψµ−1(x,h) = µ
∗ (Adh−1 ◦δx + π∗2ωHQ) (6.6)
is a Cartan connection. Moreover, any Cartan connection that is modelled on
(gQ,Ad(HQ)) on π
−1(U) is of the above form.
Consider now the family of linear maps
δx : TxU → g−2Q + g−1Q , δx(X) =
∑
ǫiω
i
µ−1(x,e)(µ
−1
∗ (X))
and the corresponding Cartan connection ψ defined by (6.6). By construction, (6.5)
holds at all points of the form µ−1(x, e). By the HQ-invariance of ψ, the properties
of the vectors ǫi and the transformation rules of the tautological 1-form ω, it follows
that the identity (6.5) is satisfied at any point of π−1(U). 
A (local) Cartan connection which satisfies (6.5) will be called good .
Consider a (local) good Cartan connection ψ and let ǫˆi and VˆA,k be the associated
fundamental vector fields. It is not hard to check that, if ψ′ is a new gQ-valued
1-form, which satisfies (6.5) and conditions (i) and (ii) of Definition 6.1, then there
exist some smooth R-valued functions SA,ki such that the fundamental vector fields
ǫˆ′i, Vˆ
′
A,k, determined by ψ
′, and the components ψ′ǫi , ψ′VA,k of ψ′ are as follows:
ǫˆ′i = ǫˆi +
∑
A,k
SA,ki VˆA,k , Vˆ
′
A,k = VˆA,k = V
∗
A,k , (6.7)
ψ′ǫi = ωi , ψ′VA,k = ψVA,k −
∑
i
SA,ki ω
i . (6.8)
On the other hand, by Lemma 6.2, this new gQ-valued 1-form ψ
′ is a Cartan
connection if and only if it is invariant under the element gsym ∈ HQ and equation
(6.3) is satisfied. This last condition means that for any element VB,ℓ and any ǫi
the following has to be satisfied:
[VB,ℓ, ǫi] =
∑
j
ǫjω
j([V ∗B,ℓ, ǫˆ
′
i]) +
∑
C,m
VC,mψ
′VC,m([V ∗B,ℓ, ǫˆ
′
i]) =
=
∑
j
ǫjω
j([V ∗B,ℓ, ǫˆi]) +
∑
j,A,k
ǫjS
A,k
i ω
j([V ∗B,ℓ, V
∗
A,k]) +
∑
j,A,k
ǫjV
∗
B,ℓ
(
SA,ki
)
ωj(V ∗A,k)+
+
∑
C,m
VC,m
ψVC,m −∑
j
SC,mj ω
j
 ([V ∗B,ℓ, ǫˆi +∑
A,k
SA,ki V
∗
A,k]) =
=
∑
j
ǫjω
j([V ∗B,ℓ, ǫˆi]) +
∑
C,m
VC,mψ
VC,m ([V ∗B,ℓ, ǫˆi])+
+
∑
A,k,C,m
VC,mV
∗
B,ℓ(S
A,k
i )ψ
VC,m(V ∗A,k)+
+
∑
A,k,C,m
SA,ki VC,mψ
VC,m([V ∗B,ℓ, V
∗
A,k])−
∑
j,C,m
VC,mS
C,m
j ω
j([V ∗B,ℓ, ǫˆi]) . (6.9)
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Formula (6.9) simplifies considerably if we recall that ψ is a Cartan connection (and
hence satisfies (6.3)). In this way, we obtain that ψ′ is a Cartan connection if and
only if it is gsym-invariant and the functions S
A,k
i satisfy, for any V
∗
B,ℓ
V ∗B,ℓ(S
A,k
i ) =
∑
j
SA,kj ω
j([V ∗B,ℓ, ǫˆi])−
∑
C,m
SC,mi ψ
VA,k ([V ∗B,ℓ, V
∗
C,m]) . (6.10)
In the next two subsection, we will show that, for any good Cartan connection ψ,
defined on a trivializable subset π−1(U) ⊂ PCM(M), there exists a unique choice
for a 1-form ψ′ presented as in (6.7) and (6.8) such that:
a) certain conditions on the values dωi(ǫˆ′j , ǫˆ
′
k) and dψ
′VA,k(ǫˆ′j , ǫˆ
′
k) are satisfied;
b) ψ′ is gsym-invariant and satisfies (6.10) (hence it is a good Cartan connec-
tion).
The existence and uniqueness of such modification ψ′ for any given good Cartan
connection implies that it has to coincide on the overlaps of two trivializable sets
π−1(U), π−1(U ′), even if we started from two distinct good Cartan connections ψ1
and ψ2. For this reason all modifications ψ
′ can be patched together to defined
a unique global good Cartan connection ψCM on PCM(M), which is necessarily
canonical.
Finally, let us explain how it is possible to check if the canonical connection
we obtain is the same (or, more precisely, equivalent) to the connection ωM of
Theorem 1.1. This can be done by means of Theorem 2.7 in [20], where the following
necessary and sufficient conditions for the existence of an isomorphism between
ψCM and ωM are given. Let us denote by (εA), 1 ≤ A ≤ 6, a basis for the subspace
m
def
= g−2Q + g
−1
Q ⊂ gQ and let (εA) a corresponding basis for g1Q + g2Q ⊂ gQ,
which is dual w.r.t. the Cartan-Killing form B of gQ, i.e. such that B(εA, εB) =
δAB . Then, in Theorem 2.7 in [20] it is given a necessary and sufficient condition,
which may be rephrased for good Cartan connections saying that the following
equations are satisfied for any eB (to obtain the following expression from the
original statement in [20], we used the fact that for any X ∈ gQ and any eˆA,
[eˆA, ψCM (Xˆ)] = −LeˆAψCM (Xˆ) - see proof of Lemma 6.2):∑
A
εˆA (dψCM (εˆA, εˆB))−
∑
A
1
2
dψCM ( ̂[εA, εB ]m, εˆA) =
∑
A
1
2
[[εA, εB ]m, εA] , (6.11)
where [εA, εB ]m denotes the natural projection of [ε
A, εB ] into the subspace m =
g−2Q + g
−1
Q .
If one consider a basis (εA), 1 ≤ A ≤ 6, given by the first six elements of the
special basis for gQ described in the Appendix, it is possible to realize that the
corresponding dual basis (εA) is given (up to factors) by the last six elements of the
same basis for gQ. Then, using (6.12) and (6.13) below, it is possible to write down
explicitly all components of the gQ-valued 1-form on the left hand side of (6.11)
and determine a set of conditions which is equivalent to (6.11). We will see that,
among them, there are some of the which are not satisfied by a generic connection
defined by the conditions mentioned in (a).
Let us now proceed with the construction of the canonical Cartan connection
ψCM , following the steps (a) and (b) described above.
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Before going into the details of such a construction, we need the following tech-
nical fact, whose proof is just an application of definitions and of (6.3). In the
following, most of the functions SA,ki will coincide with functions which are linear
combinations of the functions dωk(ǫˆi, ǫˆj) and dψ
VC,0(ǫˆi, ǫˆj). In order to check if
(6.10) holds we need to evaluate the directional derivatives of such functions and
they are given by the following expressions (we are assuming that ψ is a Cartan
connection):
V ∗B,m
(
dωk(ǫˆi, ǫˆj)
)
= d2ωk(V ∗B,m, ǫˆi, ǫˆj)− ǫˆi
(
dωk(ǫˆj , V
∗
B,m)
)− ǫˆj (dωk(V ∗B,m, ǫˆi))+
+dωk([V ∗B,m, ǫˆi], ǫˆj) + dω
k([ǫˆi, ǫˆj ], V
∗
B,m) + dω
k([ǫˆj , V
∗
B,m], ǫˆi)
(6.3)
=
= dωk([V ∗B,m, ǫˆi], ǫˆj) + dω
k([ǫˆi, ǫˆj ], V
∗
B,m) + dω
k([ǫˆj , V
∗
B,m], ǫˆi)
(6.3)
=
= dωk( ̂[VB,m, ǫi], ǫˆj)− dωk( ̂[VB,m, ǫj ], ǫˆi) +
∑
ℓ
ωℓ([ǫˆi, ǫˆj ])dω
k(ǫˆℓ, V
∗
B,m)+
+
∑
C,ℓ
ψVC,ℓ ([ǫˆi, ǫˆj ])dω
k(V ∗C,ℓ, V
∗
B,m) =
= dωk( ̂[VB,m, ǫi], ǫˆj) + dω
k(ǫˆi, ̂[VB,m, ǫj ])−
∑
ℓ
dωℓ(ǫˆi, ǫˆj)ω
k( ̂[VB,m, ǫℓ]) , (6.12)
V ∗B,m
(
dψVC,ℓ(ǫˆi, ǫˆj)
)
=
= dψVC,ℓ([V ∗B,m, ǫˆi], ǫˆj) + dψ
VC,ℓ ([ǫˆi, ǫˆj ], V
∗
B,m) + dψ
VC,ℓ([ǫˆj , V
∗
B,m], ǫˆi) =
= dψVC,ℓ( ̂[VB,m, ǫi], ǫˆj) + dψ
VC,ℓ(ǫˆi, ̂[VB,m, ǫj ])−
−
∑
n
dωn(ǫˆi, ǫˆj)ψ
VC,ℓ( ̂[VB,m, ǫn])−
∑
A,k
dψVA,k(ǫˆi, ǫˆj)ψ
VC,ℓ( ̂[VB,m, VA,k]) . (6.13)
6.1 Construction of a canonical Cartan connection on a hyperbolic manifold.
Assume that M is hyperbolic. In this case gQ ≃ su2,1 ⊕ su2,1 and the special
basis (ǫi, VA,k) is given in Appendix. Notice also that, using the same arguments
which brought to (4.5), any good Cartan connection ψ is so that
dω1 = ω3 ∧ ω4 + Sω5 ∧ ω2 + Tω6 ∧ ω2 + 2ψV2,1,0 ∧ ω1
+ linear combinations of
{
ω1 ∧ ω2 , ω1 ∧ ωj , 3 ≤ j ≤ 6 } (6.14)
dω2 = ω5 ∧ ω6 + S′ω3 ∧ ω1 + T ′ω4 ∧ ω1 + 2ψV2,2,0 ∧ ω2
+ linear combinations of
{
ω1 ∧ ω2 , ω2 ∧ ωj , 3 ≤ j ≤ 6 } (6.15)
for some suitable functions S, S′, T, T ′. Moreover, from the vanishing of
d2ω1(ǫˆ4, ǫˆ5, ǫˆ6) = d
2ω1(ǫˆ3, ǫˆ5, ǫˆ6) = d
2ω2(ǫˆ3, ǫˆ4, ǫˆ6) = d
2ω2(ǫˆ3, ǫˆ4, ǫˆ5) = 0
and using (6.3), one can check that for any good Cartan connection ψ the following
identities hold:
dω3(ǫˆ5, ǫˆ6) = dω
4(ǫˆ5, ǫˆ6) = dω
5(ǫˆ3, ǫˆ4) = dω
6(ǫˆ3, ǫˆ4) = 0 . (6.16)
Now we will proceed with the construction of a canonical Cartan connection,
which is based on a sequence of technical lemmata.
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Lemma 6.5. On any trivializable open subset π−1(U) ⊂ PCM(M), there exists a
good Cartan connections ψ, which satisfies the following conditions for any a = 1, 2,
j = 1, 3, 4 and k = 2, 5, 6:
dω1(ǫˆ1, ǫˆ3) = dω
1(ǫˆ1, ǫˆ4) = dω
2(ǫˆ2, ǫˆ5) = dω
2(ǫˆ2, ǫˆ6) = 0 , (6.17)
dω3(ǫˆ3, ǫˆ4) = dω
4(ǫˆ3, ǫˆ4) = dω
5(ǫˆ5, ǫˆ6) = dω
6(ǫˆ5, ǫˆ6) = 0 , (6.18)
dω6(ǫˆj , ǫˆ5)− dω5(ǫˆj , ǫˆ6) = dω5(ǫˆj , ǫˆ5) + dω6(ǫˆj , ǫˆ6) + dω2(ǫˆj , ǫˆ2) = 0 , (6.19)
dω4(ǫˆk, ǫˆ3)− dω3(ǫˆk, ǫˆ4) = dω3(ǫˆk, ǫˆ3) + dω4(ǫˆk, ǫˆ4) + dω1(ǫˆk, ǫˆ1) = 0 , (6.20)
dω3(ǫˆ3, ǫˆ1) = dω
4(ǫˆ4, ǫˆ1) = dω
3(ǫˆ4, ǫˆ1) = dω
4(ǫˆ3, ǫˆ1) = 0 , (6.21)
dω5(ǫˆ5, ǫˆ2) = dω
6(ǫˆ6, ǫˆ2) = dω
5(ǫˆ6, ǫˆ2) = dω
6(ǫˆ5, ǫˆ2) = 0 . (6.22)
Moreover, if ψ′ is another good Cartan connection with the same properties and
expressed in terms of ψ as in (6.7), (6.8), then the functions Sa,b,0J , S
2,2,0
1 , S
2,1,0
2 ,
with a, b,= 1, 2 and 3 ≤ J ≤ 6, are vanishing, while the others satisfy the following
linear relations:
S1,1,01 = S
2,1,1
4 = −S1,1,13 , S2,1,01 = S2,1,13 = S1,1,14 , (6.23)
S1,2,02 = S
2,2,1
6 = −S1,2,15 , S2,2,02 = S2,2,15 = S1,2,16 . (6.24)
Finally, for any good Cartan connection ψ, which satisfies (6.17) - (6.21), the
following identities hold for any a = 1, 2, j = 1, 3, 4 and k = 2, 5, 6:
dω2(ǫˆ2, ǫˆj) = dω
1(ǫˆ1, ǫˆk) = dψ
V2,a,0(ǫˆ3, ǫˆ4) = dψ
V2,a,0(ǫˆ5, ǫˆ6) = 0 . (6.25)
Proof. Consider a good Cartan connection ψ on π−1(U) ⊂ PCM(M) and let ψ′ be
another gQ-valued 1-form defined as in (6.7) and (6.8) by means of some functions
Sa,b,ki . The 1-form ψ
′ satisfies (6.17)1 if and only if
0 = dω1(ǫˆ′1, ǫˆ
′
3) = −ω1([ǫˆ1 +
∑
b,c,k
Sb,c,k1 V
∗
b,c,k, ǫˆ3 +
∑
d,e,ℓ
Sd,e,ℓ3 V
∗
d,e,ℓ]) =
= −ω1([ǫˆ1, ǫˆ3]) + S2,a,03 ω1([V ∗2,a,0, ǫˆ1]) =
= dω1(ǫˆ1, ǫˆ3)− 2S2,1,03 , (6.26)
i.e. S2,1,03 = − 12dω1(ǫˆ3, ǫˆ1). In a similar way, one can check that the other conditions
in (6.17) and (6.18) are satisfied if and only if
S2,1,04 = −
1
2
dω1(ǫˆ4, ǫˆ1) , S
2,2,0
5 = −
1
2
dω2(ǫˆ5, ǫˆ2) , S
2,2,0
6 = −
1
2
dω2(ǫˆ6, ǫˆ2) ,
(6.27)
S1,1,03 = −dω3(ǫˆ3, ǫˆ4)−
1
2
dω1(ǫˆ4, ǫˆ1) , S
1,1,0
4 = −dω4(ǫˆ3, ǫˆ4)+
1
2
dω1(ǫˆ3, ǫˆ1) , (6.28)
S1,2,0j =
1
2
(
dω6(ǫˆj , ǫˆ5)− dω5(ǫˆj , ǫˆ6)
)
, S1,2,0j =
1
2
(
dω4(ǫˆk, ǫˆ3)− dω3(ǫˆk, ǫˆ4)
)
,
(6.29)
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S2,2,0j = −
1
4
(
dω5(ǫˆj , ǫˆ5) + dω
6(ǫˆj , ǫˆ6) + dω
2(ǫˆj , ǫˆ2)
)
, (6.30)
S2,1,0k = −
1
4
(
dω3(ǫˆk, ǫˆ3) + dω
4(ǫˆk, ǫˆ4) + dω
1(ǫˆk, ǫˆ1)
)
(6.31)
for any j = 1, 3, 4 and k = 2, 5, 6.
A tedious but straightforward check, based on (6.12), shows that if we choose
the functions SA,kJ so that (6.27)- (6.31) hold and all the remaining functions so
that (6.10) is satisfied, then ψ′ satisfies (6.3) and condition (3) of Lemma 6.2.
This means that ψ′ is a Cartan connection and hence that we may assume that ψ
satisfies also (6.17) - (6.21) (by replacing ψ with ψ′). From (6.26) - (6.31), it is
clear that any other ψ′ with such properties is defined by functions SA,kJ so that
Sa,2,01 = S
a,1,0
2 = S
a,b,0
J = 0, for a, b = 1, 2 and 3 ≤ J ≤ 6.
Let us now look for those ψ′ which satisfy also (6.21) and (6.22), we see that
this occurs if and only if the following holds:
S2,1,01 − S2,1,13 = dω3(ǫˆ3, ǫˆ1) , S1,1,01 − S2,1,14 = dω3(ǫˆ4, ǫˆ1) , (6.32)
S1,1,01 + S
1,1,1
3 = dω
4(ǫˆ1, ǫˆ3) , S
2,1,0
1 − S1,1,14 = dω4(ǫˆ4, ǫˆ1) , (6.33)
S2,2,02 − S2,2,15 = dω5(ǫˆ5, ǫˆ2) , S1,2,02 − S2,2,16 = dω5(ǫˆ6, ǫˆ2) , (6.34)
S1,2,02 + S
1,2,1
5 = dω
6(ǫˆ2, ǫˆ5) , S
2,2,0
2 − S1,2,16 = dω6(ǫˆ6, ǫˆ2) . (6.35)
It is not hard to realize that the system given by the equations (6.32) -(6.35)
has maximal rank and it is therefore solvable at any point. Moreover, with some
other straightforward computations, it can be checked that any set of functions
which satisfy (6.32) - (6.35) at the points of a submanifold transversal to the fibers
can be smoothly extended to functions which satisfy (6.10) and condition (3) of
Lemma 6.2 and which at the same time are solutions of the above given system of
equations. From this we get the existence of a Cartan ψ which satisfies also (6.21)
and (6.22). The second claim is a direct consequence of (6.26) - (6.35). The last
claim can be checked by evaluating d2ω2(ǫˆj , ǫˆ5, ǫˆ6), d
2ω1(ǫˆk, ǫˆ3, ǫˆ4), d
2ωa(ǫˆa, ǫˆ3, ǫˆ4)
and d2ωa(ǫˆa, ǫˆ5, ǫˆ6) with a = 1, 2, j = 1, 3, 4, k = 2, 5, 6, and recalling that they
have to vanish because of the well-known triviality of the operator d2. 
Lemma 6.6. On any trivializable open subset π−1(U) ⊂ PCM(M), there exists a
good Cartan connection ψ, which satisfies (6.17) - (6.21) and the conditions:
dψV1,1,0(ǫˆ3, ǫˆ4) = dψ
V1,2,0(ǫˆ5, ǫˆ6) = 0 , (6.36)
dψV1,1,0(ǫˆ3, ǫˆ1) + dψ
V2,1,0(ǫˆ4, ǫˆ1) = dψ
V2,1,0(ǫˆ3, ǫˆ1)− dψV1,1,0(ǫˆ4, ǫˆ1) = 0 , (6.37)
dψV1,2,0(ǫˆ5, ǫˆ2) + dψ
V2,2,0(ǫˆ6, ǫˆ2) = dψ
V2,2,0(ǫˆ5, ǫˆ2)− dψV1,1,0(ǫˆ6, ǫˆ2) = 0 , (6.38)
Moreover, if ψ′ is another good Cartan connection with the same properties and
expressed in terms of ψ as in (6.7), (6.8), then all functions SA,kJ are vanishing
except the functions which appear in (6.23)2, (6.24)2 and the functions S
c,a,1
a , S
a,2,1
j ,
Sa,1,1k and S
a,b,2
J with a = 1, 2, j = 3, 4, k = 5, 6 and 1 ≤ J ≤ 6, among which the
following relations have to be satisfied:
S1,1,11 = −
1
2
S1,1,23 , S
2,1,1
1 =
1
2
S1,1,24 , S
1,2,1
2 = −
1
2
S1,2,25 , S
2,2,1
2 =
1
2
S1,2,26 ,
(6.39)
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Proof. Starting as in the previous lemma, let us fix a good Cartan connection ψ on
π−1(U) ⊂ PCM(M), which satisfies Proposition 6.5, and let ψ′ be an arbitrary gQ-
valued 1-form, defined as in (6.8) by means of some functions Sa,b,ki , which satisfies
the same conditions. From the results of the previous lemma on the functions Sa,b,ki
and by the same line of arguments used in its proof, we see that (6.36)1 is satisfied
if and only if
0 = dψV1,1,0(ǫˆ3, ǫˆ4)−
6∑
i=1
S1,1,0i dω
i(ǫˆ3, ǫˆ4)− 3
2
S2,1,14 +
3
2
S1,1,13 =
= dψV1,1,0(ǫˆ3, ǫˆ4)− S1,1,01 −
3
2
S2,1,14 +
3
2
S1,1,13
and hence, by (6.23), if and only if
S1,1,01 = S
2,1,1
4 = −S1,1,13 =
1
4
dψV1,1,0(ǫˆ3, ǫˆ4) . (6.40)
Similarly, the other equality of (6.36) is true if and only if
S1,2,02 = S
2,2,1
5 = −S1,1,16 =
1
4
dψV1,2,0(ǫˆ5, ǫˆ6) . (6.41)
With similar arguments we get also that (6.37) - (6.42) are satisfied if and only if
2S2,1,11 − S1,1,24 = dψV1,1,0(ǫˆ3, ǫˆ1) + dψV2,1,0(ǫˆ4, ǫˆ1) , (6.42)
2S1,1,11 + S
1,1,2
3 = dψ
V1,1,0(ǫˆ4, ǫˆ1)− dψV2,1,0(ǫˆ3, ǫˆ1) , (6.43)
2S2,2,12 − S1,2,26 = dψV2,2,0(ǫˆ5, ǫˆ2) + dψV1,2,0(ǫˆ6, ǫˆ2) , (6.44)
2S1,2,12 + S
1,2,2
5 = dψ
V1,2,0(ǫˆ6, ǫˆ2)− dψV2,2,0(ǫˆ5, ǫˆ2) , (6.45)
The proofs of (6.42) - (6.45) are slightly more involved than those in the previous
lemma and so, for convenience of the reader, we exhibit the steps which bring to
(6.42) (the other conditions are obtained in a very similar way). To check that, it
is enough to observe that ψ′ satisfies (6.37)1 if and only if
0 = −ψ′V1,1,0([ǫˆ′3, ǫˆ′1])− ψ′V2,1,0([ǫˆ′4, ǫˆ′1]) =
= −ψV1,1,0 ([ǫˆ′3, ǫˆ′1])− ψ′V2,1,0([ǫˆ′4, ǫˆ′1]) +
6∑
j=1
(
S1,1,0j ω
j([ǫˆ′3, ǫˆ
′
1]) + S
2,1,0
j ω
j([ǫˆ′4, ǫˆ
′
1])
)
=
= dψV1,1,0([ǫˆ3, ǫˆ1]) + dψ
V2,1,0([ǫˆ4, ǫˆ1])− 2S2,1,11 + S1,1,24 −
−S1,1,01 dω1(ǫˆ′3, ǫˆ′1)− S2,1,01 dω1(ǫˆ′4, ǫˆ′1) =
= dψV1,1,0([ǫˆ3, ǫˆ1]) + dψ
V2,1,0([ǫˆ4, ǫˆ1])− 2S2,1,11 + S1,1,24 ,
where we used (6.17) and the claim on the vanishing of certain functions S1,1,0j
given in Lemma 6.5.
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Now, it is clear that, even if (6.42) - (6.45) do not determine completely the
functions S1,a,1a , S
1,a,2
a+2 and S
1,a,2
a+3 , a = 1, 2, they form a system of maximal rank,
which always admits a solution. As in the proof of the previous lemma, we may
choose the functions SA,kJ so that all conditions (6.40) - (6.47) are satisfied at the
points of a submanifold which is transversal to all fibers and then, find out what are
the conditions in order to be able to extend these functions to the whole trivializable
open set, so that (6.10) and (3) of Lemma 6.2 are true and obtain in this way a
good Cartan connection. By some straightforward computations, based on (6.12),
(6.13) and the hypothesis, we get that all this can be done implying that a Cartan
connection ψ which satisfies all requirements exists and that for any other Cartan
connection ψ′ the functions SA,kJ satisfy the relations (6.39). 
Lemma 6.7. On any trivializable open subset π−1(U) ⊂ PCM(M), there exists a
unique good Cartan connection ψ, which satisfies (6.17) - (6.22), (6.36) - (6.38)
and the following conditions for any a = 1, 2, j = 1, 3, 4 and k = 2, 5, 6:
dψVa,1,1(ǫˆ3, ǫˆ4) = dψ
Va,2,1(ǫˆ5, ǫˆ6) = 0 , (6.46)
dω6(ǫˆj , ǫˆ2) + dψ
V1,2,0(ǫˆj , ǫˆ6)− dψV2,2,0(ǫˆj , ǫˆ5) = 0 , (6.47)
dω5(ǫˆj , ǫˆ2) + dψ
V1,2,0(ǫˆj , ǫˆ5) + dψ
V2,2,0(ǫˆj , ǫˆ6) = 0 , (6.48)
dω4(ǫˆk, ǫˆ1) + dψ
V1,1,0(ǫˆk, ǫˆ4)− dψV2,1,0(ǫˆk, ǫˆ3) = 0 , (6.49)
dω3(ǫˆk, ǫˆ1) + dψ
V1,1,0(ǫˆk, ǫˆ3) + dψ
V2,1,0(ǫˆk, ǫˆ4) = 0 , (6.50)
dψV1,1,2(ǫˆ3, ǫˆ4) = dψ
V1,2,2(ǫˆ5, ǫˆ6) = 0 , (6.51)
2dψV2,2,0(ǫˆj , ǫˆ2) + dψ
V2,2,1(ǫˆj , ǫˆ5) + dψ
V1,2,1(ǫˆj , ǫˆ6) = 0 , (6.52)
2dψV2,1,0(ǫˆk, ǫˆ1) + dψ
V2,1,1(ǫˆk, ǫˆ3) + dψ
V1,1,1(ǫˆk, ǫˆ4) = 0 . (6.53)
Proof. The proof proceeds exactly as for the previous two lemmata. Assuming
that ψ satisfies all claims of Lemma 6.6 and 6.7, let us look for a modified ψ′ which
has the same properties and for which (6.46)1 hold with a = 1. We get that the
functions SA,ki have to satisfy
0 = dψ′V1,1,1(ǫˆ′3, ǫˆ
′
4) = −ψV1,1,1 ([ǫˆ′3, ǫˆ′4])−
6∑
j=1
S1,1,1j dω
j(ǫˆ′3, ǫˆ
′
4) =
= −ψV1,1,1([ǫˆ3, ǫˆ4]) + S1,1,23 − S1,1,11 +
∑
k=5,6
S1,1,1k ddω
k(ǫˆ3, ǫˆ4) =
= dψV1,1,1(ǫˆ3, ǫˆ4) +
3
2
S1,1,23 +
∑
k=5,6
S1,1,1k dω
k(ǫˆ3, ǫˆ4) ,
where we used the fact that S1,1,1j = 0 when j = 3, 4 and that dω
2(ǫˆ3, ǫˆ4) = 0. So
we have that
S1,1,23 = −
2
3
dψV1,1,1(ǫˆ3, ǫˆ4) +
2
3
∑
k=5,6
S1,1,1k dω
k(ǫˆ3, ǫˆ4) . (6.54)
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On the other hand, for any ψ′ which is also a Cartan connection, we have to impose
that (6.10) holds true. This implies that for any k = 5, 6
V ∗1,1,1(S
1,2,2
3 ) = −S2,1,13 , V ∗1,1,1(S1,1,1k ) = S2,1,0k = 0 ,
where we use the fact that S2,1,0k = 0 by Lemma 6.5. So, from (6.54) and using
(6.12) and (6.13), we get that any ψ′ which satisfies (6.46)1 and (6.10) has to
satisfies also
S2,1,01 = S
1,1,1
4 = S
2,1,1
3 = −V ∗1,1,1(S1,1,23 ) =
= −V ∗1,1,1
−2
3
dψV1,1,1(ǫˆ3, ǫˆ4) +
2
3
∑
k=5,6
S1,1,1k ddω
k(ǫˆ3, ǫˆ4)
 =
=
2
3
dψV2,1,0(ǫˆ3, ǫˆ4)− 2
3
∑
k=5,6
S1,1,1k dω
2(ǫˆ3, ǫˆ4) = 0 . (6.55)
With similar arguments applied to (6.46)2 we get that
S2,2,02 = S
1,2,1
6 = S
2,2,1
5 = 0 . (6.56)
Now, using (6.55) and (6.56), we may determine the conditions for which (6.47) -
(6.50) are satisfied. With the same arguments of before we find that we must have
S1,2,1j = −
1
3
(
dω6(ǫˆj , ǫˆ2) + dψ
V1,2,0(ǫˆj , ǫˆ6)− dψV2,2,0(ǫˆj , ǫˆ5)
)
, (6.57)
S2,2,1j = −
1
3
(
dω5(ǫˆj , ǫˆ2) + dψ
V1,2,0(ǫˆj , ǫˆ5) + dψ
V2,2,0(ǫˆj , ǫˆ6)
)
, (6.58)
S1,1,1k = −
1
3
(
dω4(ǫˆk, ǫˆ1) + dψ
V1,1,0(ǫˆk, ǫˆ4)− dψV2,1,0(ǫˆk, ǫˆ3)
)
, (6.59)
S2,1,1k = −
1
3
(
dω3(ǫˆk, ǫˆ1) + dψ
V1,1,0(ǫˆk, ǫˆ3) + dψ
V2,1,0(ǫˆk, ǫˆ4)
)
, (6.60)
for any j = 1, 3, 4 and k = 2, 5, 6. As before, a tedious but straightforward check
shows that functions which satisfy (6.55) - (6.60) define a ψ′ so that all equations
(6.10) and Lemma 6.2 (3) are satisfied. So, we may replace ψ with ψ′ and assume
that also the conditions (6.48) - (6.50) are true. Moreover, from the previous
discussion, we see that, if we look for another ψ′ which satisfies those conditions
and so that (6.46) and (6.47) are true, we have to look among the gQ-valued 1-
forms for which the functions S2,1,01 and S
2,2,0
2 are vanishing, by (6.55) and (6.56).
Moreover, by (6.57) - (6.60), we also have to suppose that all functions Sa,2,1j and
Sa,1,1k , with j = 1, 3, 4 and k = 2, 5, 6 are vanishing. With these assumptions, we
get that (6.46) and (6.47) are true if and only if
S1,1,23 = −
2
3
dψV1,1,1(ǫˆ3, ǫˆ4) , S
1,1,2
4 =
2
3
dψV2,1,1(ǫˆ3, ǫˆ4) , (6.61)
S1,2,25 = −
2
3
dψV1,2,1(ǫˆ5, ǫˆ6) , S
1,2,2
6 =
2
3
dψV1,2,1(ǫˆ5, ǫˆ6) , (6.62)
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Again, a tedious but straightforward check shows that such functions define a ψ′
so that all equations (6.10) and Lemma 6.2 (3) are satisfied. Hence we may replace
ψ by ψ′ and assume that now even (6.46) and (6.47) are satisfied. Moreover, any
other good Cartan connection with the same properties is determined by functions
SA,kj which are all trivial except for the functions S
1,2,2
j and S
1,1,2
k , with j = 1, 3, 4
and k = 2, 5, 6, and the functions S1,1,21 and S
1,2,2
2 .
These functions are uniquely determined if we require that (6.51), (6.52) and
(6.53) are true. In fact, using the vanishing of all other functions and by the same
arguments of before, we see that this occurs if and only if
S1,1,21 = dψ
V1,1,2(ǫˆ3, ǫˆ4) , S
1,2,2
2 = dψ
V1,2,2(ǫˆ5, ǫˆ6) , (6.63)
S1,2,2j = −
1
4
(
2dψV2,2,0(ǫˆj , ǫˆ2) + dψ
V2,2,1(ǫˆj , ǫˆ5) + dψ
V1,2,1(ǫˆj , ǫˆ6)
)
, (6.64)
S1,1,2k = −
1
4
(
2dψV2,1,0(ǫˆk, ǫˆ1) + dψ
V2,1,1(ǫˆk, ǫˆ3) + dψ
V1,1,1(ǫˆk, ǫˆ4)
)
, (6.65)
for any j = 1, 3, 4 and k = 2, 5, 6.
Again, it can be checked that (6.10) and Lemma 6.2 (3) are satisfied and hence
that such a gQ-valued form is a Cartan connection. The uniqueness of such con-
nection follows immediately from (6.63), (6.64) and (6.65). 
The previous lemma leads to the main result of this subsection.
Proposition 6.8. There exists a unique (globally defined) good Cartan connection
ψCM on PCM(M) that satisfies (6.16) - (6.22), (6.25), (6.36) - (6.38), (6.46) -
(6.53). Moreover, the pair (PCM(M), ψCM ) is, generically, not isomorphic with
the pair (P (M), ωM) of Theorem 1.1.
Proof. By the remarks after (6.10), the existence of a unique canonical Cartan
connection which satisfies the hypothesis on any trivializable open set implies the
existence of a globally defined Cartan connection. To prove the second claim, let us
consider the conditions which correspond to (6.11). For this, we need to determine
the basis for g1Q + g
2
Q which is B-dual to the basis ǫJ , 1 ≤ J ≤ 6, of g−1Q + g−2Q .
By classical properties of graded semisimple Lie algebras (see e.g. [15], Lemma
3.15), the B-dual element of an element in giQ has to be in g−iQ . In particular,
the B-dual element of ǫ1 is a multiple of V1,1,2. On the other hand, the element
V2,1,0 is a grading element for gQ, i.e. for any element X ∈ giQ in the same simple
subalgebra of V2,1,0, we have [V2,1,0,X] = iX. Using this fact, the B-norm of V2,1,0
is immediately computed, i.e. B(V2,1,0, V2,1,0) = 12. So we also have
B(ǫ1, V1,1,2) = 1
2
B(ǫ1, [V2,1,0, V1,1,2]) = −1
2
B([ǫ1, V1,1,2], V2,1,0) =
= −1
2
B(V2,1,0, V2,1,0) = −6 .
This shows that the element that is B-dual to ǫ1 is − 16V1,1,2. By a similar line
of arguments, one can determine all the other elements ǫA of the basis which is
B-dual to ǫJ , 1 ≤ J ≤ 6. Furthermore, since (6.11) is satisfied also if we rescale all
vectors ǫA by the factor −1/6, we may assume that the vectors (ǫA) are ǫ1 = V1,1,2,
ǫ2 = V1,2,2, ǫ
3 = −V1,1,1, ǫ4 = V2,1,1, ǫ5 = −V1,2,1 and ǫ6 = V2,2,1.
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At this point, it is just a matter of computing and showing that there is one
condition which is, generically, not satisfied. In fact, let us set ǫˆB = ǫˆ3 and let
us evaluate the component along the vector V1,1,2 of (6.11): using (6.13), such
component becomes into
0 = V ∗1,1,2(dψ
V1,1,2(ǫˆ1, ǫˆ3)) + V
∗
2,1,1(dψ
V1,1,2(ǫˆ4, ǫˆ3)) =
−2dψV1,1,2(ǫˆ1, ǫˆ3)− dψV1,1,2(ǫˆ1, ǫˆ3) .
By (6.46), we see that our connection satisfies (6.11) only if dψV1,1,2(ǫˆ1, ǫˆ3) = 0.
But this equality is not consequences of the conditions which characterize ψCM ,
nor it is a consequence of the linear relations implied by the identity d2ψCM = 0,
as one can check with the help of a computer program like e.g. Mathematica. With
the help of Frobenious theorem, one may infer that hyperbolic manifolds, for which
dψV1,1,2(ǫˆ1, ǫˆ3) 6= 0, exist and are generic. 
6.2 Construction of a canonical Cartan connection on an elliptic manifold.
Assume thatM is elliptic. In this case gQ = sl3(C) and the special basis (ǫi, VA,k)
is given in Appendix.
Consider a good Cartan connection ψ on a trivializable open subset π−1(U) ⊂
PCM(M). Since gQ is a complex Lie algebra, ψ induces on π
−1(U) ⊂ PCM(M), the
(in general, non-integrable) complex structure, determined by the endomorphisms
of tangent spaces defined by
Jo : TuPCM(M)→ TuPCM(M) ψ(Jo(X)) = iψ(X) .
Notice that, by construction, J∗oψ = iψ and that we have the following relations
between the components of ψ:
J∗oψ
ǫ1 = −ψǫ2 , J∗oψǫ3 = ψǫ4 , J∗oψǫ5 = −ψǫ6 ,
J∗oψ
V4,0 = ψV1,0 , J∗oψ
V2,0 = −ψV3,0 ,
J∗oψ
V1,1 = −ψV2,1 , J∗oψV3,1 = −ψV4,1 , J∗oψV1,2 = −ψV2,2 .
So, the C-valued forms on π−1(U) ⊂ PCM(M) defined by
̟0 = ψǫ1 + iψǫ
2
, ̟1 = ψǫ3 − iψǫ4 , ̟2 = ψǫ5 + iψǫ6 , (6.66)
ΨVI,0 = ψV4,0 − iψV1,0 , ΨVII,0 = ψV2,0 + iψV3,0 , ΨVI,1 = ψV1,1 + iψV2,1 ,
(6.67)
ΨVII,1 = ψV3,1 + iψV4,1 , ΨV2 = ψV1,2 + iψV2,2 , (6.68)
determine at any tangent space TuPCM(M) a basis of complex 1-forms which are
holomorphic w.r.t. the complex structure Jo : TuPCM(M)→ TuPCM(M). We may
also consider at any point the corresponding dual holomorphic basis (i.e. a basis of
elements in T 1,0PCM(M) ⊂ TCPCM(M)). These dual bases are given at any point
by the following complex vector fields of TCPCM(M):
eˆ0 =
1
2
(ǫˆ1 − iǫˆ2) , eˆ1 = 1
2
(ǫˆ3 + iǫˆ4) , eˆ2 =
1
2
(ǫˆ5 − iǫˆ6) , (6.69)
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VˆI,0 =
1
2
(
V ∗4,0 + iV
∗
1,0
)
, VˆII,0 =
1
2
(
V ∗2,0 − iV ∗3,0
)
, (6.70)
VˆI,1 =
1
2
(
V ∗1,1 − iV ∗2,1
)
, VII,1 =
1
2
(V3,1 − iV4,1) , V2 = 1
2
(V1,2 − iV2,2) .
(6.71)
It is clear that any real 1-form on π−1(U) ⊂ PCM(M) can be expressed in terms of
the real and imaginary parts of the C-valued 1-forms ̟i and ΨVA . In particular, we
may express any good Cartan connection ψ′ on π−1(U) ⊂ PCM(M) using the ̟i’s
and ΨVA ’s and some suitable complex valued functions SAi . Since those expressions
will turn out to be very helpful for our next computations, we write them down,
for reader’s convenience.
Assume that ψ′ is a gQ-valued 1-form, which satisfies (6.5) and i) and ii) of
Definition 6.1. Then, again, we may consider the (non-integrable) complex structure
J ′o defined by iψ
′(X) = ψ(J ′oX) and the C-valued 1-forms {̟′i,Ψ′VA}, which are
defined as in (6.66)-(6.68) and are J ′o-holomorphic at any tangent space. We may
also consider the associated vector fields {eˆ′i, Vˆ ′A}, which are defined as in (6.69)
and (6.70). These vector fields and 1-forms are written in terms of the previous one
as follows
eˆ′i = eˆi +
∑
A,ℓ
SAi VˆA +
∑
A
SA¯i VˆA , Vˆ
′
A = VˆA ,
̟′i = ̟i , Ψ′A = ΨA −
∑
i
SAi ̟
i −
∑
i
SAi¯ ̟
i¯
(
̟i¯
def
= ̟i , SAi¯
def
= SA¯i
)
(6.72)
for some suitable C-valued functions SAi and S
A
i¯
(which are linear combinations
of the original R-valued functions SA,ℓi ). By the same arguments of before, ψ
′
is a Cartan connection if and only if for any vector VA amongst VI,0
def
= V4,0,
VII,0
def
= V2,0, VI,1
def
= V1,1, VII,1
def
= V2,1 and V2
def
= V1,2 and any vector e0
def
= ǫ1,
e1
def
= ǫ3 and e2
def
= ǫ5 we have that
[VA, ei] = ψ
′([VˆA, eˆi]) , 0 = ψ
′([VˆA, eˆi]) , 0 = ψ
′([VˆA, eˆi]) .
By the same arguments used to prove (6.10), it follows that ψ′ is a Cartan connec-
tion if and only if
VˆB(S
A
i ) =
∑
j
SAj ̟
j([VˆB , eˆi])−
∑
C
SCi Ψ
A([VˆB , VˆC ]) , VˆB(S
A
i ) = 0 ,
VˆB(S
A
i¯ ) = −
∑
C
SCi¯ Ψ
A([VˆB , VˆC ]) , VˆB(S
A
i¯ ) =
∑
j
SAj¯ ̟
j([VˆB , eˆi]) . (6.10’)
Finally, before going on with the next lemmata and construct the desired canon-
ical Cartan connection, we want to remark that for any gQ-valued 1-form ψ, which
satisfies i) and ii) of Definition 6.1 together with (6.5), it is possible to express
d̟0 = d(ω1 + iω2) = d(ψǫ1 + iψǫ2 ) in terms of the C-valued 1-forms as follows:
d̟0 = ̟1 ∧̟2 + σ ¯̟ 1 ∧ ¯̟ 0 + τ ¯̟ 2 ∧ ¯̟ 0 + 2ΨVI,0 ∧̟0
+ linear combinations of
{
̟0 ∧ ¯̟ 0 , ̟0 ∧̟j , ̟0 ∧ ¯̟ j , 1 ≤ j ≤ 2 } (6.73)
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for some suitable C-valued functions σ and τ . Moreover, from the vanishing of
d2̟0(eˆ0, eˆ1, eˆ2) = d
2̟0(eˆ1, eˆ1, eˆ2) = d
2̟0(eˆ2, eˆ1, eˆ2) = 0
and using (6.3), one can check that for any good Cartan connection ψ the following
identities hold:
d̟0(eˆ0, eˆ0) = d̟
1(eˆ1, eˆ2) = d̟
2(eˆ1, eˆ2) = 0 . (6.74)
Notice that such identities could be also proved using the integrability of any elliptic
CR structure.
Lemma 6.9. On any trivializable open subset π−1(U) ⊂ PCM(M), there exists a
good Cartan connection ψ, which satisfies the following conditions for any j = 0, 1, 2
together with those obtained by complex conjugation:
d̟0(eˆ0, eˆ1) = d̟
0(eˆ0, eˆ2) = d̟
1(eˆ1, eˆ2) = d̟
2(eˆ1, eˆ2) = 0 , (6.75)
d̟1(eˆj, eˆ2)− d̟2(eˆj , eˆ1) = d̟0(eˆj, eˆ0) + d̟1(eˆj , eˆ1) + d̟2(eˆj, eˆ2) = 0 , (6.76)
d̟1(eˆ1, eˆ0) = d̟
2(eˆ2, eˆ0) = d̟
1(eˆ2, eˆ0) = d̟
2(eˆ1, eˆ0) = 0 , (6.77)
Moreover, if ψ′ is another Cartan connection with the same properties and expressed
in terms of ψ as in (6.72), then the corresponding functions SI,0j , S
II,0
j , with j =
1, 2, and the functions SI,0
J¯
, SII,0
J¯
, with J = 0, 1, 2, are identically vanishing, while
the remaining functions satisfy the relations
SI,00 = S
II,1
1 = S
I,1
2 , S
II,0
1 = −SI,11 = SII,12 . (6.78)
Finally, for any good Cartan connection ψ, which satisfies (6.75) -(6.77) the fol-
lowing identities hold for any J = 0, 1, 2:
d̟0(eˆ0, eˆJ) = dΨ
I,0(eˆ1, eˆ2) = dΨ
I,0(eˆ1, eˆ2). (6.79)
Proof. As in the proof of Lemma 6.5, we fix a good Cartan connection ψ and we
consider a new gQ-valued 1-form ψ
′ defined by some functions SA,kJ as in (6.72).
We have to show that it is possible to choose the functions SA,kJ so that (6.75) and
(6.76) are satisfied and so that ψ′ is a Cartan connection. By the same arguments
as in Lemma 6.5, it turns out this occurs if and only if for i = 1, 2
SI,0i =
1
2
d̟0(eˆ0, eˆi) , (6.80)
SII,01 =
1
2
d̟0(eˆ0, eˆ2)− d̟1(eˆ1, eˆ2) , (6.81)
SII,02 = −
1
2
d̟0(eˆ0, eˆ1)− d̟2(eˆ1, eˆ2) , (6.82)
SI,0
j¯
= −1
4
(
d̟0(eˆj, eˆ0) + d̟
1(eˆj , eˆ1) + d̟
2(eˆj , eˆ2)
)
, (6.83)
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SII,0
j¯
=
1
2
(
d̟2(eˆj, eˆ1)− d̟1(eˆj , eˆ2)
)
, (6.84)
SI,00 − SII,11 = d̟1(eˆ1, eˆ0) , SII,00 − SI,12 = d̟1(eˆ2, eˆ0) , (6.85)
SII,00 + S
I,1
1 = d̟
2(eˆ0, eˆ1) , S
I,0
0 − SII,12 = d̟2(eˆ2, eˆ0) . (6.86)
The system given by the equations (6.80) - (6.86) has maximal rank and it is
therefore solvable at any point. Moreover, with some straightforward computations
based on (6.10’) and (6.12), it can be checked that any set of functions which
satisfy that system at the points of a submanifold transversal to all fibers can
be smoothly extended to functions which solve all equations (6.80) - (6.86) at all
points and that, at the same time, they satisfy all equations (6.10’) and condition
(3) of Lemma 6.2. From this we get the existence of a Cartan connection which
satisfies all requirements. The second claim follows immediately from (6.80) - (6.86).
The last claim can be checked by evaluating d2̟0(eˆJ , eˆ1, eˆ2), with J = 0, 1, 2,
d2̟0(eˆ0, eˆ1, eˆ2) and d
2̟0(eˆ0, eˆ1, eˆ2) and recalling that they have to be all identically
vanishing by the triviality of the operator d2. 
Lemma 6.10. On any trivializable open subset π−1(U) ⊂ PCM(M), there exists
good Cartan connection ψ, which satisfies (6.75) - (6.77) and the following condi-
tions together with those obtained by complex conjugation:
dΨVII,0(eˆ1, eˆ2) = 0 . (6.87)
dΨVII,0(eˆ1, eˆ0) + dΨ
VI,0(eˆ2, eˆ0) = dΨ
VI,0(eˆ1, eˆ0)− dΨVII,0(eˆ2, eˆ0) = 0 . (6.88)
Moreover, if ψ′ is another good Cartan connections with the same properties and
obtained from ψ as in (6.72), then all corresponding functions SA,kJ are vanishing
except for the functions which appear in (6.78)1 and the functions S
A,1
0 , S
A,1
j¯
and
SI,2J , with A = I, II, j = 1, 2 and J = 0, 1, 2, among which the following relations
have to be satisfied:
SI,10 = −
1
2
SI,21 , S
II,1
0 =
1
2
SI,22 . (6.89)
Proof. Following the same line of arguments of the previous lemma and of Lemma
6.6 and using (6.78), one may check that (6.87) and (6.88) are satisfied if and only
if
SII,00 = S
II,1
2 = −SI,11 =
1
4
dΨVII,0(eˆ1, eˆ2) , (6.90)
2SII,10 − SI,22 = dΨVII,0(eˆ1, eˆ0) + dΨVI,0(eˆ2, eˆ0) , (6.91)
2SI,10 + S
I,2
1 = dΨ
VI,0(eˆ1, eˆ0)− dΨVII,0(eˆ2, eˆ0) . (6.92)
As in the previous proof, we notice that (6.90) - (6.92) is a maximal rank system
and that, using (6.10’), it is possible to determine smooth solutions which solve the
system at any point and which, at the same time, satisfy all (6.10’) and Lemma
6.2 (3). This gives the existence of a good Cartan connection which satisfies all
requirements. The second claim follows immediately from (6.90) - (6.92). 
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Lemma 6.11. On any trivializable open subset π−1(U) ⊂ PCM(M), there exists a
unique Cartan connection ψ, which satisfies (6.75) - (6.77),(6.87), (6.88) and the
next conditions for J = 0, 1, 2, together with all equations that can be obtained by
complex conjugation:
dΨVI,1(eˆ1, eˆ2) = dΨ
VII,1(eˆ1, eˆ2) = 0 , (6.93)
d̟2(eˆJ , eˆ0) + dΨ
VII,0(eˆJ , eˆ2)− dΨVI,0(eˆJ , eˆ1) = 0 , (6.94)
d̟1(eˆJ , eˆ0) + dΨ
VII,0(eˆJ , eˆ1) + dΨ
VI,0(eˆJ , eˆ2) = 0 , (6.95)
dΨVI,2(eˆ1, eˆ2) = 2dΨ
VI,0(eˆJ , eˆ0) + dΨ
VII,1(eˆJ , eˆ1) + dΨ
VI,1(eˆJ , eˆ2) = 0 . (6.96)
Proof. Following the same line of arguments of the Lemma 6.6, one can see that any
good Cartan connection for which (6.75) - (6.77),(6.87) and (6.88) hold, satisfies
also (6.93) if and only if
SI,21 = −
2
3
dΨVI,1(eˆ1, eˆ2) +
2
3
∑
j=1,2
SI,1
j¯
d̟j(eˆ1, eˆ2) , (6.97)
SI,22 =
2
3
dΨVI,1(eˆ1, eˆ2) +
2
3
∑
j=1,2
SII,1
j¯
d̟j(eˆ1, eˆ2) , (6.98)
On the other, if we assume that ψ′ is also a Cartan connection (and hence the
functions SA,kJ satisfy (6.10’)), then, by (6.10), (6.12), (6.13) and (6.78), we must
have also that
V ∗I,1(S
I,1
j¯
) = SI,0
j¯
= 0 ,
SI,00 = S
I,1
2 = S
II,1
1 = −V ∗I,1(SI,21 )
= −V ∗I,1
−2
3
dΨVI,1(eˆ1, eˆ2) +
2
3
∑
j=1,2
SI,1
j¯
d̟j(eˆ1, eˆ2)
 = 0 . (6.99)
Using (6.99), we get that ψ′ satisfies also (6.94) - (6.96) if and only if
SI,1
J¯
= −1
3
(
d̟2(eˆJ , eˆ0) + dΨ
VII,0(eˆJ , eˆ2)− dΨVI,0(eˆJ , eˆ1)
)
, (6.100)
SII,1
J¯
= −1
3
(
d̟1(eˆJ , eˆ0) + dΨ
VII,0(eˆJ , eˆ1) + dΨ
VI,0(eˆJ , eˆ2)
)
. (6.101)
With a straightforward check of (6.10’) and Lemma 6.2 (3), one can see that it is
possible to construct a ψ′ which satisfies (6.99) - (6.101) and hence one for which
(6.94) and (6.95) are true. Then, coming back to (6.93), the previous remarks
imply that the functions SII,1
j¯
, j = 1, 2, have to be vanishing and hence that a
good Cartan connection, for which (6.93) is true, is determined by functions SA,kJ
such that
SI,21 = −
2
3
dΨVI,1(eˆ1, eˆ2) , S
I,2
2 =
2
3
dΨVI,1(eˆ1, eˆ2) . (6.102)
Another check based on (6.10’) and Lemma 6.2 (3), shows that these conditions
give a Cartan connection and hence that we may assume that (6.93) - (6.95) are
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true. From (6.99) - (6.102), we also have that any other good Cartan connection
with the same properties has all functions SA,kJ vanishing except for the functions
SI,2
J¯
, J = 0, 1, 2, and for the function SI,20 . These functions are uniquely determined
if we require that also (6.96) is satisfied. In fact this occurs if and only if
SI,20 = dΨ
VI,0(eˆ1, eˆ2) , (6.103)
SI,2
J¯
= −1
4
(
2dΨVI,0(eˆJ , eˆ0) + dΨ
VII,1(eˆJ , eˆ1) + dΨ
VI,1(eˆJ , eˆ2)
)
. (6.104)
Another check of the validity (6.10’) and of Lemma 6.2 (3) gives the existence of
such good Cartan connection and (6.103) and (6.104) give also the uniqueness. 
The previous lemma provides immediately the existence of a canonical Cartan
connection for any elliptic manifold. In fact,
Proposition 6.12. There exists a unique (globally defined) good Cartan connection
ψCM on PCM(M) that satisfies (6.74), (6.75) - (6.77), (6.79), (6.87), (6.88), (6.94)
- (6.96). Moreover, the pair (PCM(M), ψCM ) is, generically, not isomorphic with
the pair (P (M), ωM) of Theorem 1.1.
Proof. By the remarks after (6.10), the existence of a unique canonical Cartan
connection which satisfies the hypothesis on any trivializable open set implies the
existence of a globally defined Cartan connection. For the second claim, it suffices
to observe that the component of (6.11) along the vector VI,2 with ǫB = ǫ3 is
generically not satisfied. Since the computations to explicitate such component
and to check that the corresponding condition is not satisfied are are very similar
to those given in the proof of Proposition 6.8, we omit them. 
Appendix
A special basis for gQ (hyperbolic case)
It is known (see e.g. [16]) that in this case gQ is a Lie algebra isomorphic to
su2,1⊕su2,1 ≃


b1−i
b′
1
2
α1 a1
2iβ¯1 ib
′
1 2iα¯1
c1 β1 −b1−i
b′
1
2
0
0
b2−i
b′
2
2
α2 a2
2iβ¯2 ib
′
2 2iα¯2
c2 β2 −b2−i
b′
2
2

with ai, bi, b
′
i, ci ∈ R
and αi, βi ∈ C

The basis we consider for such Lie algebra is the following:
ǫ1 =

0 0 −1
0 0 0
0 0 0
0
0
0 0 0
0 0 0
0 0 0
 , ǫ2 =

0 0 0
0 0 0
0 0 0
0
0
0 0 −1
0 0 0
0 0 0
 ,
ǫ3 =

0 1
2
0
0 0 i
0 0 0
0
0
0 0 0
0 0 0
0 0 0
 , ǫ5 =

0 0 0
0 0 0
0 0 0
0
0
0 1
2
0
0 0 i
0 0 0
 ,
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ǫ4 =

0 i
2
0
0 0 1
0 0 0
0
0
0 0 0
0 0 0
0 0 0
 , ǫ6 =

0 0 0
0 0 0
0 0 0
0
0
0 i
2
0
0 0 1
0 0 0
 ,
V1,1,0 =

i
3
0 0
0 − 2
3
i 0
0 0 i
3
0
0
0 0 0
0 0 0
0 0 0
 , V1,2,0 =

0 0 0
0 0 0
0 0 0
0
0
i
3
0 0
0 − 2
3
i 0
0 0 i
3
 ,
V2,1,0 =

−1 0 0
0 0 0
0 0 1
0
0
0 0 0
0 0 0
0 0 0
 , V2,2,0 =

0 0 0
0 0 0
0 0 0
0
0
−1 0 0
0 0 0
0 0 1
 ,
V1,1,1 =

0 0 0
1 0 0
0 − i
2
0
0
0
0 0 0
0 0 0
0 0 0
 , V1,2,1 =

0 0 0
0 0 0
0 0 0
0
0
0 0 0
1 0 0
0 − i
2
0
 ,
V2,1,1 =

0 0 0
i 0 0
0 − 1
2
0
0
0
0 0 0
0 0 0
0 0 0
 , V2,2,1 =

0 0 0
0 0 0
0 0 0
0
0
0 0 0
i 0 0
0 − 1
2
0
 ,
V1,1,2 =

0 0 0
0 0 0
1 0 0
0
0
0 0 0
0 0 0
0 0 0
 , V1,2,2 =

0 0 0
0 0 0
0 0 0
0
0
0 0 0
0 0 0
1 0 0
 ,
A special basis for gQ (elliptic case)
It is known (see e.g. [16]) that in this case gQ is a Lie algebra isomorphic to
sl3(C) =

α11 α12 α13α21 α22 α23
α31 α32 α33
 , αij ∈ C , α11 + α22 + α33 = 0
 .
The basis we consider for such Lie algebra is the following:
ǫ1 =
 0 0 10 0 0
0 0 0
 , ǫ2 =
 0 0 i0 0 0
0 0 0
 ,
ǫ3 =
 0 12 00 0 i
0 0 0
 , ǫ5 =
 0 − i2 00 0 −1
0 0 0
 ,
ǫ4 =
 0 − i2 00 0 1
0 0 0
 , ǫ6 =
 0 12 00 0 −i
0 0 0
 ,
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V1,0 =
 i 0 00 0 0
0 0 −i
 , V2,0 =
− i3 0 00 2i3 0
0 0 − i
3
 ,
V3,0 =
 13 0 00 − 23 0
0 0 1
3
 , V4,0 =
−1 0 00 0 0
0 0 1
 ,
V1,1 =
 0 0 01 0 0
0 − i
2
0
 , V3,1 =
 0 0 0−i 0 0
0 1
2
0
 ,
V2,1 =
 0 0 0i 0 0
0 1
2
0
 , V4,1 =
 0 0 01 0 0
0 i
2
0
 ,
V1,2 =
 0 0 00 0 0
−1 0 0
 , V2,2 =
 0 0 00 0 0
−i 0 0

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